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This Online Appendix contains the full theoretical proofs and supporting empirical and quan-
titative material. The main paper includes concise proof sketches and supporting theoretical

derivations.



OA.A Theory Proofs

OA.A.1 Proof of Lemma 1

Proof. Fix the true 6;,, an observation window of length 7, and the information-processing path.
Expectations average over all potential signal histories within this window, without conditioning
on endogenous product retention. Taking expectations over the noise terms in the observed

outcomes and additional signals in (2.3) yields
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where the second equality follows from (2.4). Thus, the expected posterior mean lies between
the prior mean 6, and the true log 6;;,.
Holding earlier information-processing abilities fixed,
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Therefore, lower 1);; increases posterior variance and magnifies the downward conditional bias

(log Hip — 90) .

when log 6;, > 6y and the upward conditional bias when log 6;, < 6p. When log §;, = 6, the

conditional bias is zero regardless of information-processing ability. O

OA.A.2 Destination-Product Assignment

This appendix describes the assignment of destination products across simultaneously searching
product lines and establishes that, although destinations are drawn without replacement across
lines, each searching line is marginally equally likely to draw any feasible product. This result
allows us to suppress expectations over destination-product draws in the product-line value

functions under symmetric product markets.



Consider firm ¢ with J;, product lines searching simultaneously. The firm’s exclusion set
contains its currently operated products and the most recent destination associated with each
vacant line, leaving N — n(y;) feasible destination products. Since J;; < n(y¢;) < |N/2|, we
have J5 < N — n(y;) for every combination of line-level search decisions. Destinations are
drawn uniformly without replacement across the J;; searching lines.

Fix a searching line £ and a feasible destination product p’. One way to view the assignment
procedure is to first draw J;; distinct products from the feasible set and then randomly assign
them across the J$, ordered product lines. The probability that p’ is included among the selected

products is
S
N —n(pi)’

and, conditional on being selected, its probability of being assigned to line k is 1/J,. Hence,
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Thus, every feasible product is marginally equally likely to be assigned to any given searching
line.
Equivalently, consider drawing destinations sequentially for the .J; ordered searching lines.

Any particular ordered assignment of J;, distinct products occurs with probability

1 1 1
N—n(api)N—n(goi)—l“'N—n(goz-)—th—i—l'

There are

si(N=n(ei)\ [N —n(p)]!
JZ’“( T3 >_[N—n(w>—J3]!

possible ordered assignments. Multiplying the number of assignments by the probability of each
assignment gives one, confirming that the procedure assigns equal probability to every ordered
set of distinct destinations. Equation (OA.A.1) then follows for any individual line.

Since search succeeds independently with probability x, the probability that line % success-

fully adopts a particular feasible product p’ is

X
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Therefore, for any destination-specific continuation value W (p'),
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where P;; denotes the firm’s feasible destination set. Under symmetric product markets, W (p')
is identical across feasible destinations, so the expectation equals the common continuation
value. Expectations over destination-product draws can therefore be omitted from the product-

line value functions.

OA.A.3 Threshold Properties

This appendix establishes the monotonicity and single-crossing properties underlying the search
and product-drop thresholds, proves Proposition 1, and derives additional implications of the
threshold conditions. We take stationary aggregate prices and quantities as given. Firm age,

information-processing ability, and posterior beliefs continue to evolve as specified in the model.

OA.A.3.1 Monotonicity and Single Crossing

Lemma OA.1 (Monotonicity and Single Crossing). For fixed product tenure 7, firm-level states,
and aggregate prices and quantities, and 0 < x < 1, Vl-?s(é, T) and Vigs(é, T) are continuous and
strictly increasing in 6, while Vi (0, 7) is continuous and weakly increasing. Moreover, V;f(é, T) —

V5(0) and V*(8,7) — Vi*(8, 7) are strictly increasing in 0.

Proof. The proof proceeds in three steps. First, because flow profits are unbounded in 6, we
bound their growth and show that discounting makes the infinite-horizon tail vanish. Second,
we establish continuity and monotonicity using finite-horizon approximations. Finally, we use
the Bellman equations to establish single crossing. This follows the recursive approach of Stokey

and Lucas Jr (1989).

Step 1: Finiteness and finite-horizon approximation. Let r = — 1 > 0 and define

~ ~ r2 R
H;y(0,7) = exp {7"0 + 202-2},,5} .



Since §' | (0,7) ~ N (9, 674 — 07, 441), the normal moment-generating function implies
E,, [H,-Hl(é’, T+ 1)] = Hy(0, 7). (OA.A.2)

Here, expectations condition on the current product-line and firm-level states. Thus, H;; is a
martingale under the posterior-belief transition for a retained product.

Moreover,

X N 2
Bi(6,7)" = exp {7“9 + % (O'?pt + O’g)} < exp {27702} Hiy(0,7).

With stationary aggregates and fixed firm productivity, (2.10) therefore implies that there exists

a finite constant K, uniform over dates, such that

Tiopr (6, T)‘ <K [1 v Hu(0,7)]. (OA.A.3)

Search costs are also bounded.

Let HY = exp{rf + 1203 /2} < oo. Retaining the current product preserves H in expectation
by (OA.A.2), while successful switching resets beliefs to the initial prior. Consequently, expected
absolute payoffs j periods ahead are bounded, under any feasible policy, by a finite multiple of
1+ Hit(é, 7) + jHP. For some finite K/, the expected absolute discounted payoff from period T

onward is therefore bounded by

K'Y p [1 + Hiy(0,7) + jHO] —50  asT — . (OA.A.4)

j=T
The convergence follows from 7 — 0 and 787 — 0 for 0 < 8 < 1. Thus, discounting
dominates the growth of the unbounded payoffs, and finite-horizon approximations converge

to the infinite-horizon value. The convergence is uniform on compact subsets of 6.

Step 2: Continuity and monotonicity. Let V(7) denote the product-line value obtained by trun-
cating the problem after 7' periods and assigning zero terminal continuation value. We show
by induction that V(?) is continuous and weakly increasing in 6. The result is immediate for

T = 0. Suppose it holds for V(7).



Consider #7 > #%, holding tenure and firm-level states fixed. Since the transition variance is
independent of the current posterior mean, the two transitions can be coupled using the same
Z ~ N(0,1):

o =02 Az, 0L =0+ VAZ,

where A = 62

2, —62 441. Thus, 0 > 'L for every realization of Z. By the induction hypothesis,

Vi (0", 7+ 1) 2 Vi (0", + 1)

for every realization, so expected continuation values are weakly increasing in the current pos-
terior mean.

Since B;; and 7;; 41 are strictly increasing in é, the no-search action value generated from V(D)
is strictly increasing. For 0 < x < 1, the retain-and-search action value is also strictly increasing
because the firm retains the current product following failed search with positive probability.
The drop-and-search action value is independent of the current §. Taking the maximum there-
fore yields a V(T that is weakly increasing in 6.

Continuity is preserved by the Bellman operator. Flow profits are continuous in 6; the Gaus-
sian transition and payoff bounds make expected continuation values continuous; and the max-
imum of finitely many continuous action values is continuous. Hence, V(T) is continuous and
weakly increasing for every 7.

By (OA.A.4), V(T) converges to V uniformly on compact subsets. The limiting value V is
therefore continuous and weakly increasing. Evaluating the no-search and retain-and-search
Bellman equations at V' establishes that V;**(4,7) and V*(4,7) are continuous and strictly

increasing in 6.

Step 3: Single crossing. Define

Vir(0,7) = Tip1(0,7) + (1 — 8Byt Vit (0', 7 + 1).

Let V9 denote this expression evaluated at the common prior (6°,0), and define Vg = (1-

§)Vi$s 1 (0). By Step 2, Vit(6, 7) is continuous and strictly increasing in 6.
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Using the Bellman equations and the normalization V2, ; = 0 gives

Vit (0,7) = Vit (0) = (1 = 2)8 [Va(0,7) = VI |

20, 7) = Vi (0,7) = wif* + 26 [Va(d,7) - V3.
Since 0 < z < 1, both differences are continuous and strictly increasing in 0, establishing single

crossing. O

OA.A.3.2 Proof of Proposition 1
We first state the low-belief condition used in the proposition.

Assumption OA.1 (Interior Thresholds). For each relevant combination of product tenure and

firm-level states, 0 < x < 1 and, for all sufficiently low 6,
55(0,7) < Vg (0,7) < V().

This condition ensures that both pairwise indifference conditions have finite solutions. Their
ordering requires the separate condition in (2.18). Both conditions can be checked in the com-

puted equilibrium.

Proof of Proposition 1. Fix product tenure and the suppressed firm-level states. By Lemma OA.1,
the differences V,¢*(6, 7)— V%5 (0) and V7% (6, 7)— V,¢5(6, 7) are continuous and strictly increasing
in . Assumption OA.1 makes both differences negative for sufficiently low 6.

From Step 3 of the lemma’s proof, these differences are (1 — z)58[Vit(8,7) — V2] and w; f* +
zf3[Vit(6, 7) — VY], respectively. Expected operating profits diverge as § — oo, while the continu-
ation value is bounded below by the feasible drop-and-search alternative. Thus, Vit(é, T) — o0.
Because 0 < = < 1, both value differences tend to +oo. The intermediate value theorem and
strict monotonicity therefore give unique finite zeros, §% and <.

Since V;}* — V$* is strictly increasing and equals zero at 6°°,

0 > 0% = VRO, T) < V(0% 7) = ViE ().



Equation (2.14) also implies
Vit (0,7) = Vig*(0,7) = —wief* + @ |Vi*(6°,0) = Vig*(8,7) | .

Evaluating this expression at 8¢ gives

0 > 0% = V7o(0°,0) - V(0% ) > “’;f :

which establishes (2.18).

When this condition holds, V¥ > Ve > Vs below 6%; Vs exceeds both alternatives be-
tween 6% and 6¢; and V" > V' > V45 above §¢. The stated policy follows, up to indifference
at the thresholds. Search after dropping remains conditional on firm continuation, as specified
in the product-line problem.

Finally, B;;(0,7) is strictly increasing in §. The ordered posterior-mean cutoffs therefore

uniquely define B (1) < BS (7). =

The drop-threshold condition. At the drop threshold, the firm is indifferent between retain-
ing the product while searching and dropping it. Subtracting (2.15) from (2.14) cancels the

common search costs and successful-search payoffs. Since 0 < z < 1, indifference requires
Vi (0%, 7) = 81 = Vit (0) + 0V |

Substituting (2.13) and cancelling the common exogenous-exit payoff yields

~

Tiur1 (0%, 7) + (1 — OE [x/,-t+1(é', r1) | 6%, T] = (1-0)V, (0), (OA.A.5)

where the expectation also conditions on the suppressed firm-level states. At this margin, ex-
pected operating profit and continuation value from retaining the product equal the continua-

tion value of a vacant line.

Product values and expected demand. At the search threshold, (2.16) implies that a new

product has a higher no-search value than the marginal existing product whenever f* > 0.



This need not imply a higher expected demand term B, because values also reflect posterior

uncertainty and future learning.

2

For an existing product with tenure 7;,,; and posterior variance 53, ,,

equation (2.8) gives

0) > B (Tippr) < 055, < 6o+ 3 108 = %]

B (6°,

it

For positive product tenure, 67, , < og. Thus, éfgkt < 6y is sufficient for the new product’s
expected demand term to exceed the search threshold. The comparison holds firm age and
fundamental types fixed: adopting a new product resets product-specific beliefs and tenure,

not the firm’s information-processing ability.

OA.A.4 Proof of Lemma 2

Proof. The value of product line % is determined by flow profits, product-switching decisions,
and the firm’s exit decision. Conditional on the common firm-level states (a;, ¥, i, m;), flow
profits and the evolution of posterior beliefs depend only on the line’s own state (éipkt, Tipt)-

When the product in line % is dropped, its continuation value depends on whether the firm
exits or continues to search, where the endogenous-exit decision depends on the states of the
firm’s other product lines. By assumption, both outcomes yield the same line-level continua-
tion value V4%(()). Therefore, although endogenous exit depends on posterior beliefs in other
product lines, this dependence does not affect the value of line k. Since the same payoff equiva-
lence applies at every future decision date, it removes portfolio dependence from the recursive
continuation value of the line.

It follows that the value of product line & depends only on (éz-pkt, Tipt; Gits Yit, @i, m;) and

not on posterior beliefs in the firm’s other product lines. This establishes independence across

product lines. O

OA.A.5 Product-Line Distribution

Because tracking the joint portfolio ©;; is computationally infeasible, we instead evolve marginal
product-line measures. This representation is exact except for the portfolio event determining

whether a vacant or newly dropped line reaches the search stage, which we approximate using



the marginal distribution of non-focal product lines.

For computation, we extend ,, to include vacant lines. The measure ,upt(é, 7,a) denotes the
mass of active product lines associated with market p, while yu,(0), a) denotes the mass of vacant
lines whose most recent search destination is p. Initially vacant lines of age-zero startups have
not yet drawn a destination and are therefore handled directly in their first search. To simplify
notation, the firm-level states (v, ¢, m) are suppressed throughout this section; all measures,
transition densities, and policy regions are understood to be conditional on their appropriate
values. We retain age explicitly because the transition differs for new entrants, age-one startups,
and older incumbents. Dependence on ¢ is shown when scope n(y) enters directly. We write

g(0' | 6,7, a) for the transition density of the posterior mean from a line with state (6,7, a).

Approximate portfolio-continuation probability. For incumbent firms transitioning to age
a > 2, let q? '.1(a’) denote the marginal probability that a non-focal product line is vacant
after product-drop decisions and before search. Define the normalized product-line distribution

conditional on the suppressed firm-level states by

- 0,a
/’th(wv a) = Mqt( ) ~ )
pqt(0, a) + ZTZO fR pqt (0, 7,a)do
and )
= (p 0,7,a
ﬁqt(ea T, (I) = /th( ) = —.
pat(0, @) + ZFZO fR pqt(0, 7, a)db
Thus,

1 — N
0 o =
G (d) = N1 Z [:uqt(@’ a'—1)+ Z /[R /R 173?11(9,’ T+1,d)

>0
x g0 ]0,7,d — 1)ﬁqt(é,7, a —1)do dé’] . (OA.A.6)
The first term captures lines already vacant before the current product-drop decisions, while

the second captures active lines whose products are dropped.

Approximating the vacancy indicators of the n(yp) — 1 non-focal lines as conditionally inde-

10



pendent, we set

n(p)—1
pin(@) = |da@)] T, d>2 (0AA7)

Thus, pf, , (a’) approximates the probability that all non-focal lines are vacant immediately af-
ter product-drop decisions. If the focal line is vacant or is itself dropped, 1 — pf,,(a’) is the
probability that at least one other line remains active and the firm reaches the search stage. No
adjustment is required for a focal line in R{f , since its current product remains active through
search.

The first adjustment decision of a startup is treated separately. Let Ry, Ri%{, and R}>¢
denote the corresponding age-one decision regions for its initial product. For an initially vacant
focal line, all non-focal lines are vacant after the drop stage if and only if the startup drops its
initial product. Hence,

piay(1) = / 1ae (8,1, 1)g(8' | 8°,0,0)d0. (OA.A.8)
R

t+1

Therefore, 1 — p¢, (1) is the probability that the initial product is retained and the startup
reaches the search stage. Unlike (OA.A.7), (OA.A.8) is exact and does not use the conditional-

independence approximation.

Continuing product lines. For incumbent product lines transitioning to age o’ > 1, a line
with tenure 7 at the end of period ¢ remains active in the same market with tenure 7 + 1 if it

does not search or if it searches while retaining its product and the search fails:

/Lp7t+1(é/, T+ 1, a’) = (1 - 5) |:1R?_‘S_1 (é/, T+ 1, a’) + (1 - m)lng_s‘_l (é/, T4 1, a’)

X / g0 0,7,a" = V)ppe(6,7,a' — 1)d6. (OA.A.9)
R
For the initial product of a startup transitioning to age one,

ppi1(6,1,1) = (1= 6) [hzyjf (0',1,1) + (1 = 2)Lgeae (0,1, 1)}

x g(0' | 6°,0,0)1,:(6°,0,0). (OA.A.10)

11



Newly assigned products. For an incumbent firm transitioning to age o’ > 1, successful

search resets the product state to (6°,0). The resulting inflow into market p is

{Z// 1R5110,7+1,a')
q#z) 720

+ (1 - p§+1(a/)) I’Rfjl (9,7 T+ 17 a/)]g(é, | év T, a, - 1)/'th(é7 T, CL, - 1)dé dé/

Np7t+1(é0707a ) (

+ (1= pfia(a)) pgr(0, 0" — 1)}. (OA.A.11)

An active focal line in R§3 | reaches search because its existing product is retained. A line in R
or an already-vacant line searches only if at least one non-focal line remains active, yielding the
factor 1 — pf (a’).

For startups transitioning to age one, successful search comes either from the initial active
line in Ry’ or from one of the n(y) — 1 initially vacant lines, which search only when the initial

product is retained:

~ x ~ ~ ~ N
fipi+1(0°,0,1) = (1 — N > [/ Lese(9,1,1)9(0" | 6°,0,0)d¢"
g#p LR

+(n(p) - 1) (1 —pf+1(l))]uqt(é0,0,0). (OA.A.12)

If the initial product lies in Rt 1, the startup exits before any search takes place.
New operating startups enter at age zero with their initial products at the common prior.

Restoring (¢, m) explicitly for this inflow,

M¢E by (@) hum(m | ‘P?mO,tJrl)]-{(ngS}
N 1— H@(Ee) ’

fip.i+1(6°,0,0,0,m) = (OA.A.13)

where hy, and (- | p;mo+1) are the densities associated with H,, and H,,, respectively, and
Mg, , denotes the mass of operating entrants. The denominator conditions the entrant type
distribution on the operating decision. The corresponding gross mass of startups making the

pre-entry investment is M§,, /[1 — H,(¢°)].

12



Destination probabilities. For an incumbent line associated with market ¢, the firm’s exclu-
sion set contains n(y) distinct markets, so the feasible search set has size N —n(y). Conditional
on market p # ¢ being feasible, a particular searching line draws p with probability 1 /[N —n(y)].
This marginal probability is unchanged when several lines search and destinations are coordi-
nated without replacement.

Conditional on the focal line being associated with ¢, the probability that p is not already

associated with one of the firm’s other n(¢) — 1 lines is

L _Me) -1 _ N -—nly)
N-1 N-1"

Hence, the unconditional assignment probability used above is

1 N—-n(p) 1

N—n(p) N-1 N-1

For startups transitioning to age one, only the initial market ¢ is excluded before their first
search, so the feasible set contains NV — 1 markets and the same marginal assignment probability

applies.

Vacant product lines. For incumbent firms transitioning to age o’ > 1, the mass of vacant

lines associated with market p evolves according to

/ 1-— e ! N’ /
pipt+1(0,a’) :(1*5)]\7_9612(1*2%“(@)) [;}/R/Rlnﬁl(Q,TJrLa)

q#p

x g(@ | 0,7,d — 1)/,th(é, ra —1)d df’ + gt (0, a" — 1)] . (OAA14)

The first term inside the brackets captures active lines whose products are dropped and whose
subsequent searches fail, while the second captures lines already vacant whose searches fail.
Both require the firm to reach the search stage.

For startups transitioning to age one,

1—=x
N -1

i (0,1) = (1= 6)—2 37 () — 1) (L= pfy1 (1)) pge(6°,0,0). (OAA.15)

q#p
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This term captures unsuccessful searches by the startup’s initially vacant lines conditional on
retention of its initial product. If the initial product is dropped, the startup exits before search.
There are no market-specific vacant lines at age zero.

In stationary equilibrium, these laws of motion satisfy s, ++1 = ppe = p, for every product

market p.

OA.A.6 Aggregate Search Costs and Price-Index Derivation

Search costs using product-line measures. We express aggregate search costs using the

marginal product-line measures in Appendix OA.A.5. As in that section, we suppress (¢, ¢, m)

to simplify notation; all expressions below are understood to be integrated over these states

as well. For incumbent active lines, a line in R{* always reaches the search stage, whereas a

line in R searches only if at least one non-focal line remains active. The same continuation

requirement applies to incumbent vacant lines. For startups transitioning from age zero to age
cse

one, the initial active line searches only in R;™", while each of the n(y) — 1 initially vacant lines

searches whenever the initial product is retained. Hence,

N
Fr=01-6f> [ZZ/R/R{IR?(QA/,T—&—L&—FU—F[1—pf(a+1)]lngs(é/,7+1,a+1)}

p=1 La>17>0

x (@' | 0,7 a)ups-1(8,7,a)dB A8 + Y [1 = pf(a+1)] -1 (0, a)

a>1

+/R{1R§s,e(é’,1,1)+[n(<p)—1] 1Rgs,eUR§s,e(é’,1,1)}

x g(8' 6°,0, O)Mp,t_l(éo,o,())dé']. (OA.A.16)

The first term counts searches by active incumbent lines, the second searches by incumbent

vacant lines, and the third searches by age-one startups. In the startup term, the first component

corresponds to search by the initial active line, while the second counts searches by its n(¢) — 1
ds,e

initially vacant lines. If the initial product lies in R, ™", the startup exits before any search. The

factor 1 — § reflects that search occurs only after the exogenous death shock.

14



Product-level price index. For a product line with state ¢ at the end of period ¢ — 1 and

realized demand shifter 6, (2.9) gives

—1
) w0

Ppt(Opt; §) = n—1z(p;20) B(&)

The product-level CES price index therefore satisfies

B = [ B[ o003 0 1 €] pa ().

Substituting the market-clearing price gives

1-n n 1
= () [ e s e o T e et
1-n
:( n wt) /X (1 20)" BE) i1 (dE),

n—1

where the second equality follows from n — 1 + ”7_1(1 —n) = %1 and E [«9;;’71)/77 | g} = B(¢).

Therefore,
1

n—1

Py =Ly [ JECECES up,t_mdf)} 7

which gives (2.36).

OA.A.7 Proof of Proposition 3

Proof. Fix the true product-specific expertise 6, the observation window 7, and the information-

processing path, and let 6% = 67

ipt—1- All expectations below average over potential signal his-

tories without conditioning on endogenous product retention. From (2.8),

n—1; L(n—1 ? ) 2
Bit_lzeXp Teipt_l+§ T (O' +O'€) .

If 6;, were known, the corresponding conditional demand term would be
2
—1 1 n— 1
Bgl =E {Hzpt )n | 6; ] fﬁgg )/nexp{z (77 ) ag}.
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Hence,

FITN -1 (n—1)72 ,
[Bip] _Q?p exp{%o-a ’

which gives the denominator in (2.38). Dividing optimal output in (2.7) by its counterpart
under known 6;, gives the output ratio in (2.38).
It remains to characterize the sign of the expected wedge. By the Gaussian signal structure,

conditional on the true log 6;, and the information-processing path,

R 5.2 9 6.2
Hipt—l | Hip ~ N <log Hip + ) (90 — log sz) , O <1 — 2>> .
90 %0

Using (2.38),
A (n— 1)2 ~2
1—w; :exp{n—l Oint—1 — log 0, ) + ———6° 7.
pt ( ) ( pt—1 p) 2n

Applying the moment-generating function of the normal distribution therefore yields

)
&

log E[1 — wipt | bip] = (1 — 1)—02 (6o —log b;p)
0

—1)2 1 ~2
;=1 (1+—02).
2 n og
Since Elwip: | ip] = 1 — E[1 — wipe | 0ip), the expected wedge is positive if and only if the
expression above is negative. For 6% > 0, rearranging gives

-1 1
E [wipt | Oip) >0 <= logby, >90+T [<1+77) 0(2)5,2} 7

with the reverse inequality implying E[w;,: | 6] < 0. At equality, the expected wedge is zero.
Finally, 62 < o2, with strict inequality after any informative signal. Holding product tenure
and other information fixed, lower information-processing ability raises 2. Since the cutoff
has derivative —(n — 1)/2 < 0 with respect to 52, lower information-processing ability lowers
the cutoff and therefore expands the range of high-6;, products with positive expected output

wedges. As 62 — 0, the posterior mean converges to log 6;, and w;,: — 0. O

16



OA.A.8 Convexity and the Value of Learning

Lemma OA.2 (Convexity and the Value of Learning). At fixed tenure and firm states, the product-
line value is continuous, weakly increasing, and convex in the demand term 3. The no-search value
is strictly increasing and strictly convex. Holding current demand and the future value function

fixed, a larger posterior-mean innovation variance raises expected continuation value.

Proof. The successive approximations preserve monotonicity and convexity. For the infinite-
horizon limit, we use the dynamic-programming methods in Stokey and Lucas Jr (1989, Sec-
tions 9.1 and 9.4). The maintained parameter restrictionsare 0 < < 1,0<d < 1,0 < z < 1,
n>1,2z >0, f°f >0, >0, and 08,03 € (0,00), with finite signal precisions at ev-
ery finite age. Prices are symmetric and stationary, with the normalization w = 1. We retain
the prior-reset convention and line-level payoff equivalence in Section 2.3.7. The value itself is

weakly increasing; strictness applies to its no-search branch.

Belief transition. At fixed tenure and firm states, 3;; is strictly increasing in 6. We therefore
express the existing value functions in terms of (B, 7), without changing their economic defini-
tion. The time subscript retains the firm’s age and its information-processing path; ¢ + 1 entails

age a;; + 1. For the same product carried forward,

2
T — 4 5 n-—- 1 T 1 n- 1 T
Vit = U?pt - Ui2pt+17 B' = Bexp {7] Vg b — 9 <77 vy ¢y e~ N(0,1).
(OA.A.17)
Here n is only an integration variable. The next posterior variance corresponds to tenure 7+ 1.

The transition follows from Gaussian updating and the definition of 3, and satisfies E;;[B'] = B.

Unbounded payoffs and the infinite-horizon limit. Expected operating profits are

— 1)1
Tit+1(B, zi) = WP”CZ?_IBW - fe. (OA.A.18)

They are strictly increasing and strictly convex in B > 0. Because they are unbounded, a

contraction theorem for bounded functions cannot be applied directly. Instead, use the moment
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already introduced in Appendix OA.A.3,

R X -1)2
Hiy(0,7) = exp {(77 —-1)0+ (772)01'2171&} .

Conditional on retaining the product, E;; H; ;11 = H;:. A replacement resets the moment to the
finite common-prior value H°. Operating and search payoffs are bounded in absolute value by
a constant multiple of 1 + H;;. Under any feasible policy the expected moment j periods ahead

is bounded by H;; 4+ jH". Hence, for finite K,

oo
sup  E;[absolute discounted payoffs after 7] < K Z B(1+ Hy + jH®) — 0.
feasible policies =T

(OA.A.19)
Since posterior variance is bounded by o2, convergence is uniform on compact sets of current
B, uniformly over firm age. Finite-horizon values with zero terminal value thus converge to the
infinite-horizon value. The bound also selects the Bellman solution in the class satisfying the

vanishing-tail condition; see Stokey and Lucas Jr (1989, Section 9.4).

Preservation of value-function properties. Start from zero terminal values for occupied and
vacant lines. If the next occupied-line value is increasing and convex in /3, its expectation under
(OA.A.17) is increasing and convex in B, because for every realization of n the next demand
term is a positive multiple of the current one. Adding (OA.A.18) makes the no-search branch
strictly increasing and strictly convex. The continue-and-search branch is a positive affine com-
bination of the no-search values of the existing and fresh products, net of a fixed cost. The
drop-and-search value is constant in the existing product’s 5. Taking the maximum preserves
weak monotonicity and convexity. Gaussian integration and the payoff envelope preserve con-
tinuity. Induction and (OA.A.19) establish these properties for the limiting value. Its no-search

branch remains strictly increasing and strictly convex because of current production.

Value of information. For v > v* > 0, construct the demand term associated with v by
multiplying the one associated with v’ by an independent lognormal factor with mean one and
log variance [(n —1)/n]?(v? —v!). Conditional Jensen’s inequality implies a larger expectation

of every integrable convex continuation function. This is the martingale-convexity argument of
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Stokey (2009, Theorem 4.1, pp. 61-62). The inequality is strict if the function is nonaffine on
a region reached with positive probability. Here sufficiently high demand terms lead to active
production and strict curvature, and the lognormal transition has full support on (0, ).

For a smooth convex function f, the lognormal transition also gives

- 2
SELFE] = 5 (1) B E) 20

Convex smoothing, or interpretation of the second derivative as a nonnegative measure, extends
this result to kinked convex functions. At positive innovation variance it is strict when curvature
is positive on an open set. These comparisons hold the future function and its other arguments

fixed; a change in the entire ¢)-path must also account for changes in future values. O

OA.A.9 Proof of Proposition 4

The following expressions summarize the threshold comparisons in Proposition 4 and the ad-
ditional width results. Derivatives are evaluated at regular points, as defined in the proof.
Under the information-processing conditions in part (i) and the additional sufficient condition

in (OA.A.54),
OBy 0By 0B} -BY)
Oy O OYiy

The two threshold signs do not require the additional width condition. The proof formalizes

> 0. (OA.A.20)

the sufficient path restrictions in (OA.A.41) and provides a weaker characterization through
(OA.A.39).
For a given information-processing path, the fixed-cost conditions in (OA.A.50) imply

oBds OB
aZi < O’ 822'

o(B5; — Bi)

> 0. (OA.A.21)
8Zi

> 0,
At the same firm age and information-processing path, longer feasible tenure implies
Bip(r+1)>Bf(r),  Bi(r+1) > Bi(7). (OA.A.22)

The effect on the width of the continue-and-search region is ambiguous. Corollary OA.1 pro-

vides further sufficient conditions based on accumulated information and signal precision.
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Proof. We first derive the relative-value recursion. We then compare information-processing

paths, productivity, and product tenure, and finally characterize the width in demand units.

Value matching and the relative-value recursion. The original timing places next-period

profits inside the discount factor. With zero payoff at exogenous exit, the branch equations are

Vit*(B,7) = BTitt1(B, zi) + B(1 — §)Ey Viy (B, 7 + 1), (OA.A.23)
(B, ) = —f + (1 —2)VES(B, 1) + 2V (B°,0), (OA.A.24)
Vi (0) = =5 + 2V (B°,0) + (1 — 2)B(1 — 6)V%, 1 (0). (OA.A.25)

The fresh product starts from the common prior, with demand term B°, but uses the current
firm’s age and future ¢-path. Product tenure resets to zero; firm age does not reset.
Define the auxiliary difference

Uin(B,7) = Vii*(B,7) — B(1 = 6)Vi% 1 (0). (OA.A.26)

2y

Subtracting the drop-and-search branch from the continue-and-search branch gives (1 — x)Uj;.
Equating the no-search and continue-and-search valuess gives V¢ (B¢, 7) = V:2¥(B°,0) — f5/x.

The two threshold conditions are therefore

Uit (B (1), 7) = 0, (OA.A.27)
Uit (BS (1), 7) = AY,, (OA.A.28)
where
ns CS ns S ns S fs
Ax = Vi* (B (1), 7) — Vit (Bzdt (7),7) = Vi (BO,O) - B(1 - 5)Viflt+1(@) .
VIs(0) — B(1 — 8)Vis (0
_ YO0V ®) OAA2)
The final equality uses (OA.A.25). In particular,
Bi(r) > Bi(r) <= Vi (0) > (1 - 8)Vigi (D), (OA.A.30)
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whenever the two indifference cutoffs exist. In the stationary case, positive vacant-line value
implies this inequality automatically. Thus A}, is the value advantage of a fresh product over
vacancy, net of the search cost per successful replacement. Neither term inherits the exist-
ing product’s tenure. Threshold ordering is equivalent to A}, > 0 whenever the two indiffer-
ence cutoffs exist. These are discrete-time value-matching conditions, derived directly from the
choice-specific value functions. Stokey (2009, Chapter 7) uses the analogous adjustment-versus-
inaction comparison in continuous time; we do not invoke its continuous-time verification or
smooth-pasting conditions.

Subtracting vacancy from all three values gives
Vie(B,7) — Vi#*(0) = max {Uy(B,7) — zAY, (1 — 2)Uy(B,7),0} . (OA.A.31)
Consequently,

Uit(B,7) = BTir1(B, %)
+ 5(1 - 6)Ezt max {Ui,t—i-l(B/v T+ 1) - :CAXH_l, (1 — -%')Ui,t—&-l(B/, T+ 1), 0} .
(OA.A.32)

The maximum is increasing and one-Lipschitz in U, weakly decreasing in AV, and convex in
B'. Future replacement opportunities remain present through {AXt 4 1i>0-
For the order comparisons, iterate (OA.A.32) from zero terminal relative value, holding each

economy’s actual infinite-horizon sequence {AXt +;} fixed. The truncation error is bounded by

B(1 = O By |Ui pir(Br, 7+ T)| < K'[B(1 — )T (1 + Hy) — 0.

This follows from the one-Lipschitz property, the martingale bound along the original product,
and the uniform bound on vacant-line values from (OA.A.19). These auxiliary approximations
converge to the true U without requiring the same comparative-static ordering for truncated

vacancy problems.

The model-implied information comparison. Fix ¢; and write the specified precision profile

as ;s = m]™h(a;s; p;), where h is the age-and-data term in the quantitative specification. The
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profile is deterministic. Locally, current 1);; can index either a change in m; at fixed age or a
smooth age shift at fixed m;, wherever its derivative in that comparison is positive. Throughout
this proof, 9/0v;; means differentiation along that specified comparison, including its implied
past and future precisions. It does not hold the other dates’ precisions fixed. Integer-age com-
parisons and the data-profile change at age two are handled as finite comparisons. All future
derivatives below use the same current );; as index. Value-function derivatives with respect to
15+ hold the displayed demand term and product tenure fixed; the response of the transition dis-
tribution is accounted for separately. Subscripts following a comma denote partial derivatives
with respect to the indicated variable, as in Uj; 3 and i

For example, along the managerial comparison,

Ois _ tis OB dBl/dm,
Ot Vit ’ Ot ’Ym%‘t/ m; ’

J € {ds,cs}, (OA.A.33)

for ~,,, > 0. Equal current precision need not imply equal histories across different (m;, a;)
pairs. The theorem applies to both comparisons through the same path conditions; it does not

identify their numerical derivatives with one another.

A precise stock-versus-flow comparison. Introduce local auxiliary notation for this calcula-

tion only:

t
= > Wi,  Ap=o0ljog+T+Sh, bi=1+ig. (OA.A.34)
s=t—7+1
Thus 67, = 02/Aj, and v}, = 02b;;/[A],(A], + bit)]. Differentiation with respect to current ¢
gives the exact equivalence

9 L oAL AR 1 Oby

<— . (OA.A.35)
Ot AT, Oy~ 2A7, + big biy Oy

The fraction multiplying the new-signal response lies strictly between zero and one half. Ac-
cumulated posterior precision need therefore respond by only a fraction of the proportional
response of next-period signal precision. This is an exact restriction on the learning technology

and information stock, with no value-function derivatives.
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In the managerial comparison it is equivalently

oy, o2 Sh + Vi Sit
n_ oL it + i, _ dn | (OA.A.36)
Oy it [(AL +14+i41)?  (AL)?

Corollary OA.1(i) gives a single current-state check that makes this derivative negative at every
subsequent tenure. For other model-implied comparisons, use (OA.A.35) with their actual path

responses.

Discounted accounting for the two information effects. We now weaken the earlier require-
ment that both effects have the desired sign at every future date. In this calculation, suppress
firm indices on values and write v, = v;?, while retaining the common differentiation variable

Y. Put d = B(1 — 6) and let
Fs(b) = max{U,(b,75) — CL‘A;/, (1 —x)Ug(b,75),0}, Ts=T+8—t.
Define the following objects under the baseline optimal policy:

0, Us(b,75) < 0,
ps(V) = 91—z, 0<Uy b)) <AY,
1, Us(b, 7s) > AZ,

13°(b) = {Us(b, 1) > AL},
0

0 =5,

Ey[Fos1(B) | B=1b] > 0. (OA.A.37)

The derivative defining I's holds F; fixed. Its positivity follows from the lemma, including the
curvature at switching boundaries. The weight p, is the probability that the same incumbent
remains after that date’s switching decision, conditional on exogenous firm continuation. These
are local proof auxiliaries.

Let B; follow the retained-product transition from By = b. Define the continuation weights

by
J
Qo =1, Qj = H Prik(Br)-
k=1

23



The latter weights remove histories on which the original product is dropped or replaced. Dif-

ferentiating (OA.A.32) gives

OUs(b, 7s) v OAY
- % = —d—T(b)+d Pr{; =1]b
P o )+ A, BHER(E) =110)
/
+ dE; [p5+1(6’) (— W1 (B, 7 + 1)> ‘ b] : (OA.A.38)
it
Iterating yields the discounted loss
ov OAY,
L4(b) = ZdﬁlEt { &ZZ Ly j(Bj) += aszrlIt—i-]—«—l(BjJrl)}]
aUt(b7 T)

= - —7=. OA.A.39
P (0AA39)

Expectations include the next observation in the indicator term. The first component is the
reduction in the value of further incumbent learning. The second is the additional opportunity
cost of keeping an incumbent without search when replacement opportunities improve. Both
are weighted by how long the original product continues.

The formula follows from the continuation envelope: away from ties,

OF;(b)
it

14
OU(b,7s) I (b) OAY
albit 8¢zt

= ps(b)

Gaussian transitions hit the two boundaries with probability zero. For this derivative represen-
tation, regularity includes absolute summability of the displayed discounted derivative terms

and

dJ]Et |:QJ ’aUt-‘rJ(BJvT + J) H — 0.

iy

It suffices that the derivatives have the same payoff-moment bound as the values, multiplied by
a polynomial in J; geometric discounting then controls the tail. The comparison between two
fixed paths require no parameter differentiation or derivative-tail qualification.

The path restrictions

) OAY .
OVt <0, i 5 ), i=01,...,
Oit it
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make each component nonnegative. If additionally 0v, /v < 0, then £,(b) > 0 for every b > 0.
They are sufficient, but unnecessary. More generally, only the discounted sums at the relevant
margins need be favorable. A negative opportunity gain at some future ages can be offset by
reduced incumbent learning, or by positive gains at other dates. This is a weaker condition than

imposing separate signs on the entire two sequences.
Marginal vacancy gains. Write g5 = OV.%(()) /01, using the same current comparison index
at every date. The identity for the value band gives

OAY
Mg

(9s — dgst1)/x. (OA.A.40)

Thus nonnegative, non-increasing marginal vacancy gains suffice for nonnegative opportunity
gains. The gains can also increase, as long as gs+1 < gs/d. Deterministic or increasing precision
does not by itself imply this restriction on the timing of value gains. When it fails, (OA.A.39)

retains the actual signed opportunity gains; the comparison is not automatically lost.

Comparing information-processing paths. Use superscripts H and L to compare higher and
lower information-processing paths. Align the firms at the current decision date and the same
product tenure; their firm ages may differ. Compare ¢/ > ¢~ at every corresponding date in the
existing product’s observation history and at every future date. All other payoff determinants
and the common prior are the same. This comparison includes young and mature firms at equal
product tenure when age affects payoffs only through the specified information-processing path.
It is not a change in the current v;; holding an unspecified future path implicit.

The sufficient path conditions for part (i) are
T4g,H 745, V,H V,L .
Vit SUipiis TAN SIS A W j=0,1,..., (OA.A41)

along continued operation of the original product. The first compares how much information
remains to be resolved about that product. The second compares the net value of replacement
opportunities at the ages that may be reached.

Both conditions can be checked without differentiating with respect to managerial ability.
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For each path, compute

. _

R 1 1

Gop = R > (L)
0

€ s=t—7+1

(OA.A.42)

-1
. 1 1+,
, U;rt:U2 _[ +#

ipt O¢

At date t + j the observation sum begins at the same adoption date. By (OA.A.29), the second

condition is equivalently
VS O) = Vi) = 800-0) VL 0) - Vi 0)] (OA.A.43)

Thus the gain in vacancy value today must be at least its discounted gain at the next age. A
sufficient condition is that the gain is nonnegative and non-increasing with age. More generally,
it may increase by a factor of up to 1/[3(1 —§)] between adjacent ages. These are restrictions on
vacancy-value gains, not on the level of ) alone. Age-increasing precision does not imply con-
vergence of two precision paths, and convergence of the paths does not by itself imply monotone
vacancy-value gains.

For completeness, a higher ¢-path weakly raises vacancy value. A vacant line carries no in-
formation about an existing product. The more informed firm can reproduce the less informed
firm’s signals by adding independent Gaussian noise with variance o2(1/¢% — 1/4!1) at each
date with positive precisions; when ¢~ = 0, it ignores the additional signal. It can then repro-
duce all production and switching decisions, with the same search and exogenous exit outcomes.
This feasible-policy comparison applies to the separable line-level problem, including repeated
replacements. Finite-horizon comparison and (OA.A.19) imply V5% (9) > V% (). It does
not establish (OA.A.43), because the increment can differ across firm ages.

Under (OA.A.41), compare the auxiliary iterations of (OA.A.32). Their terminal relative
values coincide. If future U¥ < U’ the higher-i) continuation maximum is weakly smaller
pointwise, because AV’ > AV, Each maximum is convex in the next demand term. Its
expectation is further reduced by the weakly smaller innovation variance, by Lemma OA.2.
Current profits at fixed B are identical. Induction and the vanishing truncation error therefore
yield U (B, 7) < Uk (B, 7). If the current innovation-variance comparison is strict, the inequal-
ity is strict because the next continuation maximum has a curved active region reached with

positive probability.
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Since each U is strictly increasing in B, the drop-matching condition implies a weakly higher
drop threshold. The search-matching condition implies a weakly higher search threshold be-
cause its left-hand side falls and its right-hand side weakly rises. Both increases are strict under a
strict current variance comparison. This establishes the finite threshold comparisons in part (i).
These are sufficient, not necessary, path restrictions; offsetting changes across future dates can

also produce the same threshold signs.

Productivity. Holding the information-processing path fixed, the belief transition is indepen-

dent of z;. Differentiating the two value-matching conditions at regular parameter values gives

oBg B —0)Vi, . (0) — Vips (B, 7)

) | OA.A.44
0z VZ,Z%(B%S, 7) | |
OBy Vies, (B°,0) — Vips (Bgp,7)

5V, 5 OA.A.45
o VisBa.7) e

The denominators are strictly positive. Hence the sharp conditions for the two individual signs

are respectively

ns (BY,0) > Vs (B, 7). (OA.A.46)

it,2; 1t,2;

They need hold only at the relevant margins. They do not impose a pointwise ordering of
marginal values throughout the state space.
These derivatives measure expected operating payoffs exposed to productivity. Indeed,
_ n—1_ o
Tit+1,2 (B, 2i) = [Tit+1(B, i) + f°] > 0.

Zi

Under a fixed switching policy, a productivity increase raises every operating payoff and leaves
fixed costs and the belief transition unchanged. The envelope derivative of a branch value is
therefore (n — 1)/z; times its expected discounted gross operating payoffs, under the optimal
continuation policy and the specified initial action. The first condition in (OA.A.46) says that
the marginal existing product has more such exposure than postponing the vacancy problem.

The second says that the fresh product has more exposure than the incumbent at the search
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margin. This includes future learning and replacements, not only current production.

An equivalent formulation uses expected discounted fixed costs. Introduce only for this ac-
counting argument K:* (3, 7) and K& (0): the expected discounted operating and search fixed
costs under the indicated initial branch and its optimal continuation policy. They include costs
after subsequent product replacements. Operating costs carry the same one-period discount
as operating profits; search costs are paid at the decision date. Thus the cost of the no-search
branch begins with 5 f°. Under the optimal policy, the accounting equations mirror the branch
equations, with 3 f° replacing 57 and f* replacing — f*.

For either indicated initial branch, the envelope and accounting identity imply

Zq
n—1

t,2;

Here the right-hand side is expected discounted gross operating payoffs. This identity does
not differentiate the optimal fixed-cost burden; it evaluates gross payoffs under the optimizing
policy at the parameter point in question. It requires holding the information-processing path,
search technology, and fixed costs constant when varying z;.

Substituting value matching into (OA.A.44) and (OA.A.45) gives

OBf - 1B(1—8)K,,(0) — Kip (B, 7)

— , OA.A.48
0z 2 Viis (Bds, 1) ( )
0B} _ n—1f)x+ K (B 0) — K2 (B, 7) (OAA.49)
0z 2 Vis(Bi. ) ' o
Consequently, the two conditions in (OA.A.46) are equivalent to
K (B, m) > B(1 = 8)K{,1(0),
Kns(BS, ) — K¥(B°,0) < f; (OA.A.50)

At equal net values, the branch bearing a larger fixed-cost burden must also generate larger
gross operating payoffs, and therefore benefits more from productivity. The second comparison
allows the incumbent’s fixed-cost burden to exceed that of a fresh product, but by less than the
search cost per successful replacement.

The burden includes all future operating and search costs of the line, not merely the remain-
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ing operating duration of its current product. Thus small f* does not make the first comparison
automatic, and longer incumbent duration alone does not determine the second. At a terminal
production decision, both no-search cost burdens equal 5/, so the second inequality holds for
/% > 0. With subsequent adjustment opportunities, their cost burdens can differ even at a fi-
nite horizon. As f® approaches zero, the incumbent’s excess cost burden must also vanish or
become negative for the positive search-threshold sign to persist, provided the relevant burdens
and cutoffs converge.

Under both inequalities in (OA.A.50), the drop threshold falls and the search threshold rises,
so the region strictly widens. This proves part (ii). The width can also increase when the search
threshold falls. Its exact derivative is

OB — BfY) _ n—1| f*/z+ Kj(B°0) — Kip*(Bf, 7)

0z Zi (B T)

(B, T) — B(L— 6K, (0)
,-ZSB(BZS, 7)

(OA.A.51)

A positive second term can dominate a negative first term; the numerical illustration below
gives the corresponding finite comparison. The proposition’s two individual sign conditions are
therefore sufficient, but jointly unnecessary, for the width sign.

A regular parameter point is one at which the relevant value and threshold derivatives exist,
the displayed expectations of derivatives are integrable, and the threshold denominators are
nonzero. The last requirement follows here from strict positivity of the no-search slope. All
derivative statements, including those of the corollary, are made at such points. The optional
shape condition requires its additional mixed derivatives to exist on the relevant interval; the
dominance condition does not. At positive innovation variance, the next demand term has a
continuous density and reaches the finitely many switching boundaries at a given tenure with
probability zero. The continuation envelope is therefore evaluated at its optimizing branch

almost surely. No smooth-pasting assumption is used.

Product tenure. Hold current firm age and the entire information-processing path fixed. The
observation history for tenure 7+ 1 includes one additional earlier observation relative to tenure

7. Its posterior precision is therefore strictly greater. If the original product continues, this
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precision difference persists because subsequent signal precisions are the same. At fixed next

signal precision,

o7, 14+ 1] 2
L 1+&§pt% > 0.
8Uipt €

The longer-tenure product thus has strictly less remaining innovation variance at every future
date before replacement.
The sequence of replacement opportunities {AY, +j} is unchanged. Applying the preceding

convexity and iteration argument gives
Uit(B,T + 1) < Uz‘t<B; 7'), B> 0.

The two right-hand sides of the threshold equations are unchanged. Strict monotonicity in B
therefore proves both inequalities in (OA.A.22). This comparison concerns feasible adjacent

tenures at the same firm age; it does not change firm age along with product tenure.

Derivatives of both thresholds and their distance. Continue to use the evolving-path com-
parison. At the current margins, write £/ = £,(B/) and s = U, g(B!,7) > 0, for j € {ds, cs}.

Differentiating value matching gives

OB s 0B 1 (aAtV

_EC _ oy (OA.A.52)
Ohir s Oy s§° \ Oy t>

N4
Consequently, the necessary and sufficient conditions are £{* > 0 and %ﬁ?t + L{* > 0, respec-

tively. Unlike an unspecified relative-value derivative, (OA.A.39) identifies their sources and
weights under the model’s policies.

The exact width derivative is

OB —Bf) 1A Ly L

= — . (OA.A.53)
it s¢5 Oy 55 s
Thus, when £ > 0 and £§* > 0, the simple sufficient dominance condition is
1 AV ds
e (OA.A.54)

> .
5§50y sds
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The gain from current replacement opportunities, converted into demand units at the search
margin, exceeds the demand compensation required by the marginal retained product. The
nonnegative incumbent adjustment at the search margin then reinforces widening. This con-
dition does not require mixed derivatives, or a shape restriction throughout the band. It is
sufficient rather than necessary because it omits that favorable search-margin adjustment. It is
a condition on endogenous learning and opportunity values, not a primitive parameter inequal-
ity.

For completeness, the exact local condition for widening is

DAY
tosm

Sgs ds cs
> ShLl - (OA.A.55)
t

This is an accounting characterization, not an independent sufficient assumption. A different
sufficient restriction, useful when dominance does not hold, is

) [ L4(b)

v )| > ds 3cs ALA.
8[) Ut7[j’(b77'):| - 07 b e [Bt 7Bt ]7 (O 56)

14
together with gﬁi > 0. It says that the demand compensation for lost incumbent surplus does

not fall across the region. Where the mixed derivatives exist, it is equivalent to

82Ut(b, 7') 0Ut(b, T) B 8Ut(b, ’7') 82Ut(b, ’7') <0
b Oy 0b o o~

It implies
o(Bg® — B) < i@AY
oL T s O

The shape and dominance conditions are alternative sufficient restrictions; neither is uniformly

> 0. (OA.A.57)

weaker than the other.

For tenure the comparison is discrete. The value band is unchanged, but

Bg*
AY = / Uy 5(b, 7) db. (OA.A.58)
Btds
Convexity yields
Al‘t/ cs ds Ai‘f/
t St
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Both slopes can change with tenure. The two tenure signs therefore do not imply a sign for their
distance. A finite comparison can be checked directly using the two relative-value functions,

without treating integer tenure as a differentiable parameter. O

OA.A.10 Sufficient Conditions from Accumulated Information

Corollary OA.1 (Sufficient Conditions from Accumulated Information). (i) In the specified pre-
cision profile, the incumbent-learning condition holds at the current date and every subse-

quent tenure if

t 2
Vig > 1, > s> <\/m — 1> . (OA.A.60)

s=t—7+1

This applies to managerial comparisons and to smooth age comparisons whose marginal
precision gains diminish with age, as detailed in the proof. The first restriction means that
the current additional signal is at least as precise as the market signal. The second requires
sufficient accumulated information. It is weaker than requiring additional-signal precision
to exceed prior and market precision combined. The exact condition for any model-implied

comparison is (OA.A.35).

(i) Consider any fixed pair of information-processing paths for which replacement opportunities
are weakly higher at every future date and strictly higher today. The continue-and-search
region is wider under the path with higher replacement opportunities when the incumbents’
remaining posterior uncertainties are sufficiently small. This result allows evolving ) and
requires no curvature condition. Equation (OA.A.69) gives an explicit sufficient bound. It is
a comparison between two fixed paths; it does not assert a local derivative sign at every finite

tenure.
(iii) With constant 1); and stationary primitives,

oAY oA

AY 1) =AY (7). A.A.61
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The two information-processing threshold signs hold whenever

(L]

(149 /r(r +1) > % (OA.A.62)

(=] )

For any two fixed abilities with positive vacancy values, higher ability also gives a wider region

at every sufficiently long incumbent tenure.

Proof. We first establish the stock condition, then the finite-comparison width bound, and finally

the stationary specialization.

A sufficient condition on accumulated information. For the managerial comparison, abbre-

viate L = 02 /o3 +1, S = S,

7,and p = v;+11. Here L, S, p are auxiliary scalars for this algebraic

calculation. Equation (OA.A.36) has the sign of

S+p S

(L+S+1+p2 (L+95)*

At fixed L, S, the first fraction is maximized over p > 0 at p = max{L +1— S,0}. If S < L+ 1,
its maximum equals 1/[4(L + 1)]. Hence it is smaller than the second fraction at every possible

next precision exactly when

S>g(L)EL+2—2\/L+1:(\/L+1—1>2. (OA.A.63)

If S > L+ 1, the comparison holds directly, so the same lower bound characterizes strict
negativity uniformly over all p > 0. At equality the derivative can be zero for the maximizing
next precision. This bound is sharp for an unrestricted next precision; the actual deterministic
profile can satisfy the exact learning condition even when this sufficient bound fails.

If ¢;; > 1, age-monotone precision implies that each subsequent additional signal adds at
least one unit to S, while L increases by one. Since ¢/(L) = 1—1/v/L + 1 < 1, a strict inequality
in (OA.A.63) is preserved after every additional observation of the original product. This proves
part (i). The earlier simple restriction S > L implies both conditions in (OA.A.60): monotonicity
gives ¢y > S/t > 1, and ¢g(L) < L. The new joint condition is therefore strictly weaker
than that earlier sufficient restriction. For example, with 7 = 1, o9 = 0.6, and 0. = 1.1, it

requires v > 1.73030, instead of v;; > 4.36111. It signs incumbent learning, not replacement
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opportunities or width.
The exact test also permits simple checks for other path comparisons. For example, suppose

precision is nondecreasing and its responses along the specified current-v);; comparison satisfy

0V S OV; 141
0Yiy — Oy

> 0, s=t—7+1,...,t.

Writing A = A7, and b = b;;, we have

0A 8'¢1 t+1 2/, 2
> : A< :
iy — ! i < oc/oo +7b
The exact test is implied by
I+ Yipp)V/T(T+1) > o2 /od. (OA.A.64)

Indeed, 7h(2A+b)/A? decreases with A, and its value at that upper bound exceeds one precisely
under the displayed inequality. An increasing, concave age profile has these ordered marginal
gains for a smooth age shift. The CES age-and-data profile has this concavity on its smooth
age-a > 2 branch when x > 0 and its weights are nonnegative. This application requires that
the observation history and its continuation lie on that smooth branch; a comparison crossing
the age-two change in the data formula must instead use the actual finite paths. This is an
application of the same precision test, not a separate age theorem. The stock bound in (OA.A.60)
also suffices in these smooth age comparisons. In fact,

0A/Op S
ab/aﬂ)lt -

Vi1’

so their accumulated precision response relative to the next-signal response is at least as large as
in the managerial comparison at the same state. The managerial stock bound therefore implies

the age comparison’s exact learning condition as well, at every subsequent tenure.
A width bound for evolving information processing. We prove part (ii) without parameter

derivatives. Putd = 5(1—0) and write 7(b, z;) = A(2;)b"— f°, where A(z;) > 0 is the coefficient

in (OA.A.18). Fix an economy’s actual bounded, positive sequence {A;/}Szt. Define U?(b) by
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the auxiliary recursion

UY(b) = B7(b, zi) + dmax{U2,,(b) — AL, (1 — z)U2, (D), 0}. (OA.A.65)

s

Only the original incumbent has no remaining uncertainty. Fresh-product learning and all sub-
sequent replacement opportunities retain their actual values through AY. This is an auxiliary
comparison, not a change to the prior of new products or a new equilibrium.

At the operating break-even demand term

b = (f°/Az)"",

the recursion has U?(b,) = 0 at every date. Strict monotonicity therefore makes b, the fully
learned incumbent’s drop threshold, independently of the information-processing path. Write
Y for its search threshold, the unique solution of U?(?) = AY. If AV > AV at every future
date, then Ut0 H(b) < Ut0 ’L(b) by monotone iteration. If the inequality for opportunities is strict
today, cg’H > cng . Thus the fully learned incumbents’ regions are strictly ordered in width in
the evolving model.

To bound the error for an incumbent with posterior variance s = 62 ,, let

ipt?

(o) = YR Z P DR =1 ) e 0aA6e

Along continued operation, write B; = bM;. The lognormal multiplier M; has mean one and
cumulative log variance at most [(n — 1)/n]?s, since total future posterior-mean innovation

variance cannot exceed the current posterior variance. Its moments imply

n_ n_ 2
E|M] — 1] < /E(M] - 1)

< Vexp{[(n — 1)2(2n — 1)/n]s} - 1.

The second bound uses IEMJ’7 > 1.
The recursion for U admits the following auxiliary policy representation. At each future date,
retaining without search carries the opportunity charge zAY’; continuing with search keeps the

incumbent with probability 1 —z; dropping terminates its relative payoffs. Fixed operating costs
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and opportunity charges are identical under the stochastic and fully learned comparisons when
the same randomized action sequence is used. Only the gross operating payoffs BA(zi)b”M;?
differ. Randomization cannot improve the deterministic comparison’s optimum. Applying the
above bound to each policy, using continuation weights at most one, and then taking suprema
gives

0 < Uy(b,7) — UY(D) < BA(2:)b"E(5). (OA.A.67)

The lower bound follows independently from convexity and monotone iteration. The payoff tail
bound justifies the infinite sum, uniformly over policies and future precision paths with this
current variance.

Both functions are strictly increasing. Moreover, UL (b2) U (b1) > B.A(z;) (b —b) for by > by.

Applying (OA.A.67) at either matching root therefore gives

be < B% < b,; < Bs <, (OA.A.68)

For a pair of paths, set ky = k(&fpu y) and k, = k((}z‘zpt, 1) A sufficient condition for strictly

greater width under the higher-opportunity path is

0,H
: 1
GOk, (1 _ ) . (OA.A.69)

k H kL
Indeed, the higher-path width is at least cg’H /km — by, whereas the lower-path width is at most
c%L —b./kr. As both posterior variances tend to zero, the difference between these bounds tends
to c%H — c?’L > 0. This proves part (ii). The bound is conservative and still uses replacement
opportunities, but requires no threshold derivatives, mixed derivatives, or restriction on the sign
of every incumbent innovation-variance change. It can be evaluated for the actual pair of paths.

Sufficiently small uncertainty need not be attainable at a given young firm age, and no uniform

bound is asserted as the pair of paths approaches an infinitesimal comparison.

The stationary specialization. With constant ¢; and stationary line-level primitives, the vacant-

line problem is independent of firm age. Product tenure and beliefs still evolve for occupied
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lines. Equation (OA.A.29) therefore simplifies to

AY = 1_5;1_5)1/2.“(@). (OA.A.70)

Since the stationary vacant-line value is positive, (OA.A.70) implies AY" > 0. The relative-
value recursion extends continuously to U;(0,7) = — 3 f°, while U;(B,7) — oo as B — oo. Strict
monotonicity therefore gives two unique, finite, positive, ordered matching cutoffs. No separate
ordering assumption is needed here.

The policy comparison in Appendix OA.A.9 shows that more precise signals raise vacancy
value. The increase is strict in this model. Following successful search and continued operation,
there is positive probability of retaining a product with a nondegenerate posterior. The more
informed firm can preserve the less informed switching policy but choose output using the
more precise belief. Since output does not affect signal precision, this yields a strict gain from
the strictly convex optimized production payoff. For a small precision increase, the additional
posterior-mean innovation variance is proportional to that increase, so the same argument on
a compact set of active histories gives a strictly positive marginal gain at regular parameters.

Hence

v
882’. > 0. (OA.A.71)

This value-band result requires no stock condition.

For the existing product,

(1+¢y)/02
0% +7(1+¢4)/02][05% + (1 + 1) (1 + ¢3) /o2]

o _ -1
Oipr =002+ 7(L+9i) /02, o] =

Differentiating gives

v _ 1 ot — (7 + D[ +43) /02
O 02 oy +T(1+ 1) /02052 + (T + 1)(1 + i) /o2]?

(OA.A.72)

This derivative is negative exactly under (OA.A.62). The required precision in that condition
falls with tenure. If it holds at the current tenure, it holds at every subsequent tenure of the
same product. Meanwhile, (OA.A.71) implies that replacement opportunities improve at every

date. The two path conditions in (OA.A.41) therefore hold for a local increase in 1);, with a
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strict current variance effect. The proof of the proposition gives

OB (1)
o;

OB (1)
i

Ui, (B,T) <0, >0, > 0.

Future product replacements are accounted for by the increasing value band. The comparison
concerns retention relative to vacancy; the no-search value itself can rise with information-
processing ability.

Under the additional curvature condition (OA.A.56), (OA.A.57) proves the third inequality
in (OA.A.20). No curvature restriction of this kind was needed to prove the two individual

threshold signs.

Sufficiently long incumbent tenure. There is also a sufficient regime for a finite ability com-
parison that does not impose (OA.A.56). Fix any two finite abilities 1/ > v} with positive
vacant-line values. For each ability, v, 5 0as T — oo, for every fixed j. The actual stationary
value band remains fixed as incumbent tenure increases; fresh products continue to start from
the original prior.

Consider the auxiliary iterations of (OA.A.32) with this fixed value band. For each finite
number of iterations, the retained product’s transition converges to 5’ = . The payoff moment
bound permits passage through the finite expectations, uniformly on compact demand intervals.
The truncation error already proved for U is uniform in tenure on such intervals. Taking the
tenure limit first for each finite truncation, and then letting the truncation grow, therefore shows

that U;(B, 7) converges locally uniformly to the unique scalar solution of
Ui(B,0) = BT(B, z;) + B(1 — §) max{U;(B, c0) — zAY, (1 — 2)U;(B, 00),0}. (OA.A.73)

Uniqueness follows because the right-hand side is a contraction in its scalar continuation argu-
ment, with modulus §(1 —§) < 1.
The limiting drop and search roots are unique and strictly crossed. Local uniform convergence

therefore gives convergence of both cutoffs. Evaluating (OA.A.73) at its matching levels yields

T(B(00), 2i) = 0,
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1-B(1-8)(1—2)

T(B;*(00), 2i) = 3

AY. (OA.A.74)

The limiting drop cutoff is independent of ¢;. The limiting search cutoff is strictly increasing in
AY, hence strictly increasing between the two abilities. Consequently,

lim |BH (7) — BH (1) — B (1) + B& L ()| > 0. (OA.A.75)

T—00

The width difference is therefore positive at every sufficiently large finite tenure. Economically,
once little information remains to be learned about the incumbent, higher ability mainly im-
proves fresh-product opportunities; the drop margin approaches the same operating break-even
cutoff. This result compares fixed ability levels. It does not interchange an ability derivative
with the tenure limit, impose monotonicity of width in tenure, or provide a common tenure
bound across all ability pairs. It applies to the stationary benchmark and does not imply that
the required tenure is feasible at any given young firm age.

Finally, the stationary benchmark also implies 9,,A} > 0 without an additional low-search-
cost condition. A vacant line searches and produces after success with positive probability;
holding its switching policy fixed, higher z; strictly raises operating payoffs. Therefore V;‘fji >0,
and (OA.A.70) proves the claim. This value-band sign still does not replace the two marginal-

payoff conditions needed for the individual productivity-threshold signs in the proposition. []

Thus greater information-processing ability can make firms more selective about both re-
tention and search. The threshold effects remain distinct from its effect on beliefs: observed

switching depends on policy thresholds together with the distribution of demand terms.

OA.A.11 Returns to Pre-Entry Investment

Proposition OA.1 (Returns to Pre-Entry Investment). Hold prices and the joint distribution of
normalized types (p;, m;) fixed, with z; = zop; and m; = mom,. Let E(mg,z0) = E V()]
denote expected entry value before investment costs. Under optimal policies, write £ = G — K,
where G denotes expected discounted gross operating payoffs and K denotes expected discounted

operating and search fixed costs.'

Gross operating payoffs are revenues less variable production costs. Both components include subsequent prod-
uct replacements and exclude pre-entry investment costs. The endogenous-exit payoff V*(()) is decomposed into
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At regular points with finite, integrable derivatives, 9 /0mgy > 0 and

o0&  n—1

= g >0, (OA.A.76)
82’0 20
e n—10G n—1/(0 0K
0zy Omy - zg Omy - 20 <8m0 + 8m0> ) (OA.A.77)

where the strict productivity sign requires production with positive probability. Thus, the capabil-
ities are locally complementary if and only if higher managerial capability weakly raises expected
discounted gross operating payoffs. A sufficient condition for strict complementarity is

o€ 0 oK

—_— — > 0. OA.A.78
omy ’ omg — ( )

Proof. Higher m increases signal precision along the model-implied information-processing
path. The firm can reproduce the lower-precision signals by adding independent noise and
follow the associated decisions. Optimizing with the additional information therefore weakly
raises expected entry value.

Fix a feasible operating and switching policy, with quantities chosen optimally conditional on
information. Its expected payoff has the form zgle — K, where H and K are independent of
zo when the policy and information-processing path are held fixed. For endogenous-exit pay-
offs, use their equivalent vacant-line continuation representation for the initial line at age one
and all lines from age two onward. The envelope theorem then gives (OA.A.76). Changes in
decision regions contribute no additional boundary terms because the competing firm-level pay-
offs coincide at indifference, including the age-one retention—exit margin and the preproduction
operating—abandonment margin. The maintained integrability conditions justify passage to the
infinite horizon. Differentiating (OA.A.76) with respect to mg and using G = £ + K establishes

(OA.A.77) and the sufficient condition. O

Condition (OA.A.78) requires managerial improvements to raise value without reducing the
discounted fixed-cost burden. It is sufficient, not necessary: complementarity can also hold

when fixed costs fall, provided gross operating payoffs increase. The condition concerns en-

its corresponding gross operating payoffs and fixed costs under vacant-line continuation. This applies to the initial
line at age one and all lines from age two onward. Abandonment before production contributes zero continuation
payoff.
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dogenous operating and search decisions rather than primitives alone.

OA.B Model Extension

OA.B.1 Persistent Product-Market Shocks

This appendix collects the persistent-shock equations under the baseline timing, entry, and exit

conventions. Calendar-time subscripts are suppressed only for stationary aggregates.
Demand and information. With the prior log 6;, ~ N (6, o), realized demand satisfies

log 01 = log 0y + €ipt, (OA.B.1)

Eipt+1 | €ipt ~ N (peips, (1 — p*)o?), 0<p<L (OA.B.2)

Market innovations are independent across periods and lines and independent of expertise and
private-signal errors. New products start with stationary shocks ¢ ~ N(0,02). The additional
signal remains )
log sipr = log 0, + Vipt, Vipt ~ N(O, Z)i) . (OA.B.3)
i
Signal errors retain their baseline independence assumptions. Beliefs condition on Z;,;, =
{Oips, Sips Yori—r 41, Where T = Ty

After the first observation, market outcomes enter through
log Oipt+1 — plog Oipe = (1 — p) log bip + €ipr+1 — pEipt- (OA.B.4)

The innovation has variance (1 — p*)o2. Market precision is 1/02 for the first observation and

(1 —p)/[(1 + p)o?] thereafter.

Posterior beliefs. For 7 > 1, posterior moments are

R N 90 log 9@ t—7r+1
b, — 2 (70 OO Pt —T L
ipt Oipt 0_(2) U?
¢ t
S log Oips — plog bips1 3 Yis 108 Sips (OA.B.5)
. = , .B.
s=t—7+2 (1 + p)GE s=t—7+1 o
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~2
Uz’pt -

' —1
1 1 1—p Vis
— 4 — 4+ (7- — 1)7 + — . (OA.B.6)
o o2 (AP oz]

The first sum is empty at 7 = 1. For continuing products with positive tenure,

~1
R 1 1—p i1
2 it
Gyl = | =5 + , (OA.B.7)
i+ [O,gpt (1 € P)O'g 052
A Oipt | 10g0ipiy1 — plogbipy | Wisy1log sipiia
Oipti1 = 02 —= P, LN A P (OA.B.8)
P Pt O’izpt (1+p)o? o2
From the common prior (6, o), the first update is
52 |1 + 1+ Yitn B (OA.B.9)
ip,t+1 0_(2) O_g ) o e
A . 0 log 6; ;111 log s;
eip,t—i-l _ J?p7t+1 [g + g zg,t+1 I i t4+1 % ip,t4-1 (OA.B.10)
op of oz

These initial updates apply to entrants’ and replacement products, using signal precision at the

observation date.

State and joint transition. A positive-tenure line has state

Eipt = (Oipt, 108 Oipe, Tipt; it Vie, i, M) (OA.B.11)

Posterior variance is determined by tenure and the information history. Current realized de-

mand forecasts the persistent shock; the equivalent numerical coordinates are (6;,¢, log i —
Oipt)-

Conditional on retention,
10g Oipt41 | Zipt ~ N(p 10g Oipt + (1 — p)Bipt, (1 = p)?62, + (1 — p2)a§) . (OA.B.12)

The pair (0;p,¢+1,10g 0;p+1) is jointly Gaussian, conditional on current information and firm
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states, with moments

~ ~

0; 0;
E.l 7| = e (OA.B.13)
log Oip t+1 plogbipt + (1 — p)Bipt
Var; Oip,t+1 . a-ith - &3p7t+1 (1- P)512pt (OA.B.14)
2t - . .D.
log Oip,t+1 (1- p)&izpt (1- p)2&12pt + (1= p?)o?

The cross-covariance uses

A~

Covit(Oip,t+1,108 bip1+1) = Covi(log Oip, log Oip 141).

For a tenure-zero product, the initial pair is jointly Gaussian with moments

A~

0; 0
B, P = (7)), (OA.B.15)
log Oip,t-+1 to
0, ol — 62 od
Var [ P = (70 2”’“1 ) 0 o (OA.B.16)
log O;p.1+1 of og +o;

where (OA.B.9) gives the next posterior variance. Let g;;(d§’ | £) include these Gaussian laws
and aji+1 = ait + 1, Tipt41 = Tipe + 1. Write €%(a; p, m) for the common-prior state, without

realized demand, and EY, for its initial transition.

Production. The demand term for positive tenure is

Bi(€) = Ea |01}

-1 N
log Bi(€) = "= | plog iy + (1~ )i
1 /n—1\>
+5 (1) - p2eh+ - 2002 (0AB17)
For a tenure-zero product,
—1 1 /n—1\°
B = exp{ 1 0o + 3 (77 ) (08 + 03)} . (OA.B.18)
n U



Quantity, production labor, realized price, and expected profit satisfy

n—1\" zi )"
Yipt+1(§) = (77> P 1Cp i1 Bit(§)" (th) ; (OA.B.19)
lippi1(§) = <77;1>77 PIZHIC’p,tHBz‘t(5)7722’_110;71, (OA.B.20)
N Wit ‘953,;)1/7]
Pipt+1 = =1 % By (OA.B.21)
— (=11t [z \"
Tun ()= (th) P, Cp1Bit(€)" — w1 £, (OA.B.22)

At tenure zero, use B°. Expected price remains nw;1/[(n — 1)z].

Product-line values. Under the baseline timing and exit payoffs, the branch values satisfy

72 (8) = Brit1(€) + B = 0)Eit [Vips1 (&) | €] (OA.B.23)
Vs (€) = —wi f* + (1 — 2) VPP (€) + 2V (€9), (OA.B.24)
Vi (0) = —wif* + 2V (€%) + (1 — 2)B(1 — V%, (0). (OA.B.25)

Common firm states are suppressed. Here £° is the fresh-product state at the current firm age,
evaluated using B° and the initial transition.

For firms aged two and older,
Vie(€) = max{V;{*(€), Vii*(€), Vi (0) ). (OA.B.26)

LetRY%, RSP

ns RE, and R% denote the maximizing regions. Where ordered cutoffs exist, they depend

on (log 8ipt, Tipt; ait, Vit, pi, m;) and satisfy

(0% 1og Oipi, Tipt) = VE(0), (OA.B.27)

(0% 1og Ogpt, Tipt) = Vig* (0%, 108 Oipt, Tipt)- (OA.B.28)

Equal demand terms need not imply equal continuation values, so both continuous state coor-

dinates are retained.
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Incumbent firm value is
V(Oit; ait, Vi, i mi) = Z Vit (Gikt) ai > 2, (OA.B.29)
k=1
with Vi¢(&r.t) = V25 (0) for vacant lines.

Startups and pre-entry decisions. Upon endogenous exit at age one, the initial line receives

V4, (0), while the initially vacant lines receive zero. Its first retention decision has value

V;f?—ll <é7 log 0) wa ®, m) = max {‘/;151 (é7 lOg 07 1) + (’l’L((p) - 1)‘/;151 (0)7

Vi1 (0.1og0, 1) + (n() — DV (0), VE1(0)}.  (OAB.30)

s,e

Firm states are (1,1, o, m), with maximizing regions R;'*, Ri*{, and RY>’f. Retention requires
max{V"™ V) + (n(p) — 1)V% > V9; conditional on retention, the initial line searches if
Ves > Vs Exit precedes all search.

Before m is revealed, operating value conditional on ¢ is

VE(g) = Bri1(€°(0; )
B = OBy [EVEL (O Tog 030011, 0, m)] (OAB.31)

The operating option and interior cutoff satisfy
Vi(p) = max{Vi (), 0}, Vi(e)) =0. (OA.B.32)
Pre-entry investments solve
(", a7) € arg max {E [V (¢)] - wifi (@™, a)} (OAB.33)
using the baseline capability technologies and costs. Free entry requires

E [VE(p)] = we f(af”, af). (OA.B.34)
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In stationarity, M = myg, Z = 2y, a"™ = mg, and a* = z.

Product-line measures. Let p,, record lines after search, with vacant lines indexed by their
latest search destination. Initially vacant startup lines enter this measure after their first search.
Let X, include active states at age a, including the prior atom; 1,;(0), ) is vacant-line mass. Firm
states (1), o, m) are suppressed and permanent types are integrated in aggregates.
The post-drop vacancy probability in symmetric equilibrium is
S [ 0.0 =1+ [, [ g (€)gi(de! | ©pan(d)]

y . '>2. (OAB.35
Gpy1(a’) Do 1gr(0, 0" — 1) + pge (X —1)] e ( )

Conditional independence of the n(y) — 1 non-focal vacancy indicators gives the approximation

n —1
’} S (OA.B.36)

pinla) = gl (a)

Here p° is the probability that all other lines are vacant; set p¢ = 1 when n(y) = 1. Vacant and
dropped lines therefore reach search with probability 1 — p¢, while retained lines reach search
directly.

For startups, endogenous-exit probability conditional on no exogenous death is exactly

piia(1) = / e (€)gu(d€' | €(0)). (0A.B.37)
Each initially vacant line reaches search with probability 1 — p7(1).

Continuing products and new assignments. For measurable A C X,,; containing only

positive-tenure states,

st (4) = (1=0) [ [ 1y, (€)+ (1 = )1y, (€] e’ | alde).  (OAB38)

At a = 0, use the startup regions R;}y, R;7 and the initial transition.

Successful searches from incumbent source ages a > 1 generate

ppa+1(E(a+1)) = ( {/a/ 1, (¢
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+ (1= P e+ D)) lggy, (€)] gu(de’ | par(d)

+ (1 = piq(a+ 1)) g (0, a)}. (OA.B.39)

For startups’ first adjustment,

(€)= L0 > [ [ 125 atde' | €0)

+ (n(p) =11 - pfﬂ(l))] 1qt(62(0)). (OA.B.40)

Under the baseline assignment mechanism and symmetry, destination probability 1/[N —
n(p)] over feasible markets averages to 1/(N — 1) for each p # q.

The density of operating entrants is

g—i-l h@(sp)hm(m | ¢;m0,t+1)1{<pZ£f+l}
1= H‘P(ffﬂ)

a1 (€20 0, m)) = (OAB.41)
Here MY_, is operating entrant mass. Without a single operating cutoff, replace the indicator

by 1 and the denominator by its probability.

{Vie 1 (9)>0}

Vacant-line measures. For incumbent source ages a > 1,

~5)(1 —
pprer@a 1) = LOUZD S0 ey
q#p
<Jua.0)+ [ [ @t | Ouatas)| . ©0aBa)

Vacant lines are indexed by their failed-search destinations; failed replacement searches leave
retained lines occupied.
For startups transitioning to age one,

(1-06)(1—=x)

N_1 D () = (1 = pfi1 (1) pgr(6°(0)). (OA.B.43)

q#p

ppr1(0,1) =
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Search resources and aggregation. Aggregate search labor is

/Xa/ [172511(5’)

(1= pia(a+ 1)L, (€)] ge(de’ | €)ape(de)

t8+1_<1—5)f52{z

a>1

+ (1= pia(a+ 1) (0, a)]

+ 1t (€°(0)) [/173“76(6’)%(615’ | £°(0))

t+1

+(n(p) - D( —pf+1(1))] } (OA.B.44)

The expression integrates over suppressed types and excludes firms exiting before search.

Let X include all active states and prior atoms. Operating and entry resource costs are

e
_ _ t+1
Fa=[° Z pipt (X), Fiy1 = fte+1m- (OA.B.45)
P i+l
Entry costs apply to gross potential entrant mass, including types that abandon before produc-
tion.
In stationary symmetric equilibrium, let 1 denote the active measure in one product market,

including permanent types. Then

Ly = (77 ; 1>nP”Cw_”/xB(ﬁ)”Z(w;ZU)”_lu(dﬁ), (OA.B.46)
0 ~1/(n-1)
P=—3v [/X B(&)"Z(@;ZO)”‘lu(dﬂ] , (OA.B.47)
L—Fo—Fs_Fe 1/0-1)
c=t=" NF 7 [/ B(é)"Z(sO;ZO)”_Iu(d&)} (OA.B.48)
X

Labor-market clearing requires L = NL, + F° + F* + F¢, and C = N*/(*~1(C. Normalize
w = 1.

The exact firm distribution follows the baseline portfolio transition on the expanded state
space, with I'® normalized conditional on operating. The marginal laws above instead use

(OA.B.36). Stationarity requires an invariant distribution, optimal decisions, free entry, and
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market clearing.
At p = 0, the model reduces to the baseline, and realized demand is no longer a necessary

decision-state coordinate.

OA.B.2 Mapping Shipment Fixed Effects to Expertise

Under full information about permanent expertise, its contribution to log B;, ;1 has coefficient
(n — 1)/n. Equation (2.11) therefore implies a total loading of n — 1 on log#;, in log real
shipments. After accounting for firm productivity and aggregate components, this gives the
benchmark mapping af;V ~ (n—1)log #;,. Demand-shock persistence affects shipment dynam-
ics but does not change this full-information loading. We use this mapping as a benchmark

approximation, with the prior mean anchored by the empirical fixed-effect normalization.

OA.C Additional Quantitative Results

OA.C.1 External Validation

This subsection compares untargeted model moments with published evidence on firm-size

variation, demand and productivity over the firm life cycle, and within-firm sales concentration.

Sources of Firm-Size Variation. Table OA.1 compares the model’s sources of firm-size vari-
ation with Hottman et al. (2016) (HRW). Demand-related components account for 64.44% of
log deflated-sales variance, compared with a 75.80% contribution from firm appeal in HRW.

Productivity and product scope jointly account for the remaining 35.56% in the model.

Demand and Productivity over the Firm Life Cycle. Table OA.2 compares demand and pro-
ductivity gaps relative to old nonexiters with Foster et al. (2016) (FHS). The model reproduces
entrants’ larger disadvantage in demand than in productivity and the narrowing demand gap
with age. It overstates the demand gaps, particularly among exiting firms, and generates a

small entrant productivity disadvantage rather than the positive empirical coefficient.

Ex Ante Heterogeneity and Firm Growth. Using the employment-based statistical decom-

position of Sterk et al. (2021) (SSP), Table OA.3 reports the share of log-employment variance
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Table OA.1: Sources of firm-size variation

Component Contribution (%)
A. Model
Productivity 26.67
Product scope 8.89
Product-specific expertise 6.58
Persistent demand 56.96
Imperfect learning -0.37
Demand realization 1.27

Grouped contributions

Productivity and product scope 35.56
Demand-related components 64.44
B. HRW
Firm appeal 75.80
Product scope 21.03
Average marginal cost -3.70
Cost dispersion 7.06
Markup -0.20

Notes: Model contributions are each component’s covariance with log deflated sales divided by the variance of
log deflated sales. Demand-related components comprise product-specific expertise, persistent demand, imperfect
learning, and demand realization. Productivity and potential scope both depend on ¢;; the grouped contributions
summarize the components above. HRW values are from Table X, the all-firm cross-sectional decomposition. Their
firm-appeal measure encompasses several model components, while the model has no markup heterogeneity. Values
are rounded.

Table OA.2: Demand and productivity gaps relative to old nonexiters

Demand Productivity
Group Model FHS Model FHS
Entrants (ages 0-4) -1.39 -0.89 -0.05 0.02
Young (ages 5-9) -0.27 -0.48 -0.03 0.01
Medium (ages 10-14) -0.12 -0.38 -0.02 0.00
Exiters before next census -2.19 -0.59 -0.08 -0.02

Notes: Entries are log-point coefficients relative to old nonexiters. Empirical estimates are from FHS Table 1. The
model uses firm observations and date effects; FHS use plant observations and product-year effects. Model pro-
ductivity is log z;; empirical productivity is estimated TFPQ. The demand measures likewise follow their respective
model and empirical constructions. Age groups follow FHS.

attributable to ex ante heterogeneity. The model is close to the manufacturing estimate at age

five, but its contribution remains high as firms age, whereas the empirical contribution declines.
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Table OA.3: Ex ante shares of log-employment variance

Firm age Model (%) SSP manufacturing (%)
5 67.83 62.06
10 68.67 49.47
20 70.60 39.31

Notes: Both comparisons use balanced panels and SSP’s statistical decomposition of employment. Manufacturing
estimates are from SSP Appendix Table C.1, column (2). The model’s age-20 value extrapolates beyond the age-0-19
estimation panel.

Table OA.4: Largest-product sales share by product scope

Product scope Model (%) Bernard et al. (%)
2 87.62 80.00
3 82.50 70.00
4 80.16 63.00
5 78.95 58.00
6 75.03 54.00
7 77.70 52.00
8 76.64 50.00
9 75.71 48.00
10 75.64 46.00

Notes: Entries are the mean sales share of the largest product across firms with the stated product scope. Products
are ranked by sales within each firm. Empirical values are from Bernard et al. (2010), Table 10.

Within-Firm Sales Concentration. Table OA.4 compares the largest product’s share of firm
sales with Bernard et al. (2010). In both the model and data, the largest product generally
accounts for a smaller share as product scope increases. The model nevertheless generates

greater sales concentration, with larger differences among firms producing more products.

OA.C.2 Selection and Underlying Productive Potential

Firm Continuation and Size. Table OA.5 reports continuation and large-firm status by pro-
ductivity and managerial ability. Among high-productivity firms, the joint probability of contin-
uing and being large rises from 4.39% to 5.59% between the low- and high-managerial-ability
groups. Thus, the higher large-firm share among continuing firms also translates into a higher

probability relative to original entrants.

Current Output and Productive Potential. Table OA.6 compares high- and low-y; firms with

comparable output at initial ages five and ten. We form 40 weighted output bins at each initial
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Table OA.5: Continuation and large-firm status at age 20 (%)

Group Continuation Large | continuation Continuing and large
Low z, low m 24.21 (1.56) 0.82 (0.58) 0.20 (0.14)
Low z, middle m 21.97 (1.49) 0.66 (0.36) 0.15 (0.08)
Low z, high m 15.77 (1.22) 1.46 (1.00) 0.23 (0.16)
Middle z, low m 6.02 (1.11) 1.22 (0.69) 0.07 (0.04)
Middle z, middle m 6.56 (1.04) 1.06 (0.77) 0.07 (0.05)
Middle z, high m 5.04 (0.67) 2.06 (1.10) 0.10 (0.06)
High z, low m 34.68 (2.07) 12.67 (0.41) 4.39 (0.32)
High 2, middle m 35.40 (2.14) 14.09 (0.52) 4.99 (0.33)
High z, high m 30.07 (1.87) 18.61 (0.80) 5.59 (0.41)

Notes: Groups are defined by productivity z and managerial ability m and fixed at entry. Age-20 statistics pool
firm-age masses over ages 18-22. Continuation and the joint probability are measured relative to original entrants;
the conditional probability is measured among continuing firms. Large firms have employment at or above the age-
specific 90th percentile among active firms, including ties. Parentheses report block Monte Carlo standard errors in
percentage points.

Table OA.6: Current output and future outcomes by productive potential

Outcome Initial age 5 Initial age 10
Current output gap (%) 4.50 1.72
Cumulative future-output gap (%) 2597.42 (3771.16) 439.30 (1098.84)
Continuation gap (pp) 4.43 (4.23) 5.68 (4.70)
Active and in top output decile (pp) 10.14 (1.35) 12.37 (3.49)
Common-support coverage (%) 100.00 100.00

Notes: Comparisons are high minus low ¢ among firms active at each initial age, using common weights across 40
current-output bins and preserving ties. The current-output gap is based on standardized mean logs. Follow-up
spans ten years; cumulative output is undiscounted and includes zeros after exit. Continuation and top-decile status
are measured at the end of the horizon. Top-decile status is based on output, whereas Table OA.5 uses employment.
Managerial ability is not held fixed. Parentheses report block Monte Carlo standard errors.

age and apply common bin weights to the two groups. Since ¢; determines both productiv-
ity and potential scope, the comparison captures their combined association with subsequent
outcomes.”

High-¢; firms are more likely to be active and in the top output decile ten years later, with
gaps of 10.14 and 12.37 percentage points at initial ages five and ten, respectively. Cumulative

future-output gaps are also positive but have substantial Monte Carlo uncertainty.

2The age-zero comparison is omitted because common-support coverage is only 1.81% and the current-output
gap is 101.46%.
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Table OA.7: Output per original entrant at baseline prices

Annual output Cumulative output
Age Baseline Higher my Baseline Higher my
5 7.77 (1.79) 7.77 (1.88) 29.78 (7.18) 30.11 (7.31)
10 45.42 (27.21) 49.52 (31.46) 164.45 (41.70) 168.37 (46.72)
20 13.50 (2.97) 14.04 (3.21) 822.91 (332.09) 834.52 (319.87)
30 28.01 (11.77) 34.67 (14.32) 1008.57 (345.89) 1022.74 (334.27)
50 5.67 (1.70) 8.03 (3.50) 1435.06 (389.03) 1520.14 (392.61)

Notes: Both paths follow the same baseline entrants at baseline prices, with zero output after exit. Cumulative output
sums ages zero through the displayed age without discounting. Parentheses report block Monte Carlo standard
errors of the levels. Standard errors of paired differences also require the covariance between the two estimates and
cannot be inferred from the reported standard errors alone.

OA.C.3 Paired Policy Outcomes and Simulation Uncertainty

Table OA.7 supplements Figure 6 with annual and cumulative output per original entrant at
baseline prices. The paired paths hold initial product-specific expertise and underlying random
draws fixed while allowing decisions to adjust. Through age 20, cumulative output rises from

822.91 to 834.52, an increase of 1.41%.

OA.C.4 Aggregate Accounting and Resource Allocation

Accounting Decomposition. We decompose the equilibrium change in aggregate deflated
sales into contributions from the firm distribution and within-group performance. Groups are
defined by firm age, ¢, and baseline managerial ability. Let u’; and Fg denote firm mass and
mean deflated sales per firm in group g, where k& = 0 denotes the baseline and k£ = 1 the policy

economy. For groups present in both economies,

~ - 7 4+ 7l WOt
> gy = 1igrg) = D= (g — 1ig) + Y _ =5 (7 — 7). (OA.C.1)
g g g

Firm distribution Within-group performance

Using averages of baseline and policy values allocates half of the interaction term to each compo-
nent. We apply the same identity to separate firm mass from group shares within the distribution
contribution, and employment per firm from deflated sales per worker within the performance

contribution. These refinements preserve the two broad contributions. Within-group perfor-
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Table OA.8: Decomposition of the equilibrium consumption change

Component Contribution (pp)
Firm mass -8.01
Firm composition 6.26
Employment per firm 1.66
Deflated sales per worker 0.63
Newly populated groups 0.00
Groups no longer populated 0.00
Numerical residual 0.00
Total 0.54

Notes: Contributions are percentage points of baseline consumption. Firm mass and composition sum to the distri-
bution contribution; employment per firm and deflated sales per worker sum to within-group performance. Groups
present in only one economy are reported separately. The residual reconciles group-level contributions with the
aggregate change. Values are rounded.

mance includes changes in the composition of firms within groups.

Table OA.8 reports the resulting contributions. Employment per firm and deflated sales
per worker contribute 1.66 and 0.63 percentage points, respectively, accounting for the 2.29
percentage-point contribution from within-group performance in Table 7. With N fixed, con-
sumption and aggregate deflated sales change proportionally, yielding identical contributions
when normalized by their baseline values.

For the comparison holding firm mass fixed, we replace group masses with Mos’g“, where
M?O is baseline firm mass and s’g“ is group ¢’s firm share in economy k, and recompute the de-
composition. This normalization measures changes in mean deflated sales per firm. Aggregate
deflated sales rise by 8.90%, with composition and within-group performance contributing 6.51
and 2.38 percentage points, respectively. These contributions differ from those above because

the normalization changes the weights and interaction terms.

Labor Allocation. Table OA.9 reports how the fixed labor endowment is allocated across pro-
duction, operating costs, search, entry, and the program. The program uses 0.11% of the labor

endowment, accompanied by small reductions in production, search, and private entry labor.
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Table OA.9: Labor allocation in the baseline and policy economies

Labor use Baseline (%) Policy (%) Change (pp)
Production 89.54 89.48 -0.06
Operating costs 0.07 0.07 0.00
Product search 0.17 0.16 -0.01
Private entry 10.21 10.19 -0.02
Public program 0.00 0.11 0.11
Total 100.00 100.00 0.00

Notes: Shares are percentages of the fixed labor endowment. Firm employment includes production, operating, and
search labor. Private entry resources include costs incurred by unsuccessful potential entrants. Program resources
equal 0.1% of baseline consumption expenditure, corresponding to 0.11% of the labor endowment. Values are
rounded.

OA.C.5 Full Information at Fixed Parameters

The full-information benchmark reveals product-specific expertise upon acquisition, before the
product’s first production. Future demand shocks and the expertise of undiscovered products
remain unknown, and operating and search costs are unchanged. We hold model parameters,
(mg, z9), and the entry cost fixed, while policies, the entry cutoff, entrant mass, and prices
adjust. Stationary consumption is 1.67% lower than in the baseline.’

To distinguish production adjustments from changes in product switching and firm contin-
uation, Table OA.10 compares cumulative deflated sales at baseline prices along three paths:
baseline learning (L), informed production along the baseline product-portfolio and exit his-
tory (S), and reoptimized full-information decisions (D). The production component, S — L,
holds portfolios and continuation fixed. The dynamic component, D — S, captures subsequent
product-switching and firm-exit responses, including their interactions with production. Both
components are normalized by cumulative baseline deflated sales and sum to the total change.
These comparisons hold prices fixed, whereas the stationary consumption comparison also in-

corporates equilibrium adjustments.

OA.C.6 Restricted Planner: Formulation and Proofs

This appendix formalizes the restricted planner introduced in Section 4.8. The planner max-

imizes household welfare subject to physical feasibility and the CE’s valuation restrictions on

3This benchmark retains the model’s market structure and exit-payoff assumptions and does not provide a wel-
fare upper bound.
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Table OA.10: Full information and cumulative deflated sales at baseline prices

Contribution (% of baseline)

Years Production Dynamic Total MCSE (pp)
5 5.84 -1.23 4.61 1.86
10 5.44 -2.25 3.19 5.74
20 -2.35 -3.30 -5.65 9.33
50 1.60 4.89 6.50 10.44

Notes: Contributions are percentages of cumulative baseline deflated sales per original entrant at baseline prices.
A horizon of H years includes ages zero through H — 1, whereas Figure 6 includes the displayed age. The final
column reports the Monte Carlo standard error of the total change in percentage points. Longer-horizon estimates
have substantial simulation uncertainty. Values are rounded.

product switching, startup operation, and entry. These restrictions preserve the assigned endogenous-
exit values that make mature firms’ product-line values additive. Assigned exit values create no

resources; welfare depends on household consumption.*

OA.C.6.1 Objective and maintained restrictions

Definition OA.1 (Restricted planner). Given the initial firm distribution, inherited capabilities,
and predetermined quantities, the restricted planner chooses pre-entry investments, production,

product switching, startup operation, and entry to maximize

WS =max " 5'log G} | (0OA.C.2)

t=0
over physically feasible allocations satisfying conditional production efficiency and Assumption OA.2
in the environment below. The fixed-capability problem holds capabilities and associated acquisition

costs fixed. The stationary problem requires constant aggregate quantities and distributions.

Planner objects carry the superscript SP. Let £ collect product-line information, tenure, and
common firm characteristics. Operating returns and discounting are defined in (OA.C.14) and
(OA.C.17). The product-line and startup value functions below support decisions under the

assigned exit-value convention; they are distinct from the planner’s welfare value W5F.

Assumption OA.2 (Valuation restrictions). Conditional on the aggregate path associated with the

“For a related benchmark, Acemoglu et al. (2018) restrict the planner to decentralized production and pricing
while allowing control over entry, exit, and R&D.
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planner’s allocation, product switching decisions, startup operation, and attempted entry maximize

net present values in labor units, subject to:

(i) Atages two and above, each line is evaluated independently of its effects on firm exit and other
lines. Upon endogenous exit, each potential line is assigned its vacant-line value V;dS’SP(@).

At age one, only the initial line receives this value; initially vacant lines receive zero.

(i) Startup operation and free entry use these value functions, including assigned exit values.

Each entry attempt incurs the resource cost f{°F.

Assigned exit values enter these value functions only. Welfare and feasibility depend on actual

consumption and resource use.

The aggregate path is endogenous and must be consistent with the resulting decisions and

resource constraints.

Maintained environment. The CE primitives, information structure, aggregation, and tim-
ing apply, including 0 < 5 < 1, 1 < v < 7, and symmetric product markets. Policies use firms’
information and a common measurable rule for indifference. For each admissible allocation,
idiosyncratic uncertainty satisfies an exact law of large numbers conditional on production-
planning information, with finite aggregation integrals. Quantities remain measurable with
respect to firms’ information. The precision path ¢ follows the CE law, independently of other
lines’ retention decisions and aggregate entry. Exogenous death occurs after production with
zero scrap value. After updating beliefs, firms dropping all active products exit before search
and incur no further search costs; eligible vacant lines of continuing firms search, with positive
vacant-line value as in the CE. At age one, retention preserves the other n(y)—1 lines’ search op-
portunities. The initial firm distribution and inherited capabilities are given; incumbents retain
their birth-cohort characteristics. Initial quantities y;, are predetermined by firms’ decisions at

t=-—1.
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OA.C.6.2 Resources and production

Pre-entry investment. Pre-entry investments determine managerial and productivity capa-

bilities through

logmay = (1 — () log a;n’sp + G log MPT (OA.C.3)
log 258 = (1 — () loga™" + ¢, log Z5F, (OA.C.4)
M =mbl .y,  ZR =A%, (OA.C.5)
f’SP = fe+ afn(a:n’sp)x + aﬁ(af’sp)x. (OA.C.6)

mSP — mSP and ¢*ST = 25. Fixed-capability comparisons hold acquisition

At stationarity, a
costs fixed and use consistent inherited capabilities. The planner chooses pre-entry investments

without imposing their private optimality conditions.

Entry and firm distributions. Let £ denote attempted entry and ¢f SP the probability of

operating under (OA.C.24). Entry attempts at ¢ pay f, P and, conditional on operation, first

produce at t + 1. Operating entry and entry resources satisfy
M = gptPet, ST = St er (OA.C.7)

With a single operating cutoff and continuous H,, g; SP H, (ff’SP) ; otherwise it is the
probability of the operating set under the common indifference rule. Let I‘f’sp be the entrant

distribution conditional on operation. Physical firm measures satisfy
Y (A) = /X oA Nt (dg!) + MPTTTE (), (0A.C.8)

where I'F records portfolios after period-t updating, exit, search, and entry planning; its active-
line projection MEE determines which lines produce at ¢t 4+ 1. The kernel Q{ SP uses the CE’s
physical law of motion, including both exit mechanisms. The entrant term is zero when ¢y SP
0. Accounting retains portfolios and predetermined cohort characteristics without enlarging

admissible policy arguments.
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Labor feasibility. Operating and search resources equal their unit costs times the mass of

producing lines and expected actual searches:
F = Z 1 F = / NP (E)TEE, (agh), (0A.C.9)

where /\/;’SP(gf ) counts expected period-t searches per inherited firm after exogenous death
and endogenous exit. All three resource costs use period-t labor; the inherited measures index
the firms facing current production and subsequent search decisions. Assigned exit values do
not enter these resource equations.

Define variable production labor and the productive index of a representative product market

by
R® =T — 50 — F5SP _ FoSP (OA.C.10)
S8P = / B0 SE_ (de). (OA.C.11)
X
Here B(¢) = [Hl(gt D/ | £] is the predictive demand term for production at ¢, including demand

shocks; ¢ contains the information available when quantities are chosen. Productivity z; uses
the firm’s birth-cohort capability, with z; = zyy; at fixed capabilities. Require R?" > 0 and

0 < SPP < .

Proposition OA.2 (Conditional production and operating returns). At dates when quantities can
be chosen, given active-line measures and variable production labor; the consumption-maximizing

allocation satisfies

REP B(&)"=

SP _
ot (€) = — — o (OA.C.12)
RSP _ -
o = = (sPymh G = N/ EsE, (OA.C.13)

The direct marginal contribution of an active line, net of its operating fixed cost and expressed in

labor units, is

SP
B — o = Enpt_(? - fe (OA.C.14)
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At a CE allocation, 75F (€) = 74 (€) /wy.

Proof. Suppress SP. Since quantities use inherited information, the maintained exact law of

large numbers gives the realized aggregator almost surely:

e = [ Bt i1 (d). (0AC.15)

Given variable labor L, in market p, concavity and the first-order condition imply

LyB(&)120"

_ 1/(n—-1)
S , Cpt = Lpt S .

Cpe (€ ) =
Symmetry and concavity of the upper CES aggregator give L,, = R;/N, proving (OA.C.12)—
(OA.C.13).

At symmetry, variable labor has marginal log-consumption value 1/R;. Holding search and
entry resources fixed, an additional unit mass of type-£ lines raises the market’s productive
index by B(¢ )’7zf_1 and uses f° units of labor. Its marginal log-consumption contribution is
therefore

By f°

—_ (OA.C.16)
N(77 - 1)St Ry

Dividing by 1/R; proves (OA.C.14). The CE quantity first-order condition gives expected rev-
enue nwly:(§)/(n — 1). Subtracting labor costs yields (&) /wy = £pe(€)/(n — 1) — f°. This
equality is related to the alignment of private and social incentives under CES demand in Dhin-

gra and Morrow (2019). O

The direct marginal return excludes effects on firm exit and other valuation restrictions. Its
use in the dynamic decision criteria follows from Assumption OA.2. Initial quantities remain

fixed at their predetermined levels.

OA.C.6.3 Decision rules under the valuation restrictions

Valuation in labor units. Along a deterministic aggregate path, the value functions use direct

marginal-consumption weights 1/R?Y to discount labor returns:

R"

b= B (OA.C.17)
t+1
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This normalization equals /5 at stationarity. It represents direct marginal-consumption valua-
tion, rather than the costate of the full constrained problem. Appendix OA.C.6.5 relates it to

household intertemporal valuation.

Product switching decisions. Under Assumption OA.2, the choice-specific value functions

and, at ages two and above, the Bellman equation are:

VieSP(e) = [wm(s) +(1-9E[VEIE) €], (OA.C.18)
VSR (E) = = + (1= )V () + 2V (€9), (OA.C.19)
V() = +xV”SSP<sO> + (1= )8 (1= V), (OA.C.20)
V() = maX{ A GRAGR A (IS (0A.C.21)

The fresh-product state ¢° has the common prior and the same firm characteristics and age.
Common states advance in every continuation term, including vacancy, using the CE information
transitions. Search costs are incurred after exogenous death and carry no additional 1— ¢ factor.

Dropping is valued as vacancy continuation whether the firm continues or exits; actual search

requires continuation. At ages two and above, the total assigned exit value is n(¢) V"5 ().

Startup operation. At age one, retention preserves the other n(¢) — 1 vacancy opportunities,

while exit assigns only the initial line its vacant-line value:

VP (€) = max {175 (6) + In(p) — 11V (),

VST ©) + In(e) ~ UGS ), VS (@) ). (0A.C.22)

Common states are suppressed; the choice-specific values use age one with continuation at age
two.
Before initial production, ¢ is observed and m is not. Startup operating value and the option

to abandon before production satisfy

Ve (0) = BT [RET(E°(059)) + (L= DEm BV ()] (0A.C.23)

V:’SP(SO) _ maX{‘Ze’SP((,D), 0}‘ (OA.C.24)
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Managerial ability is revealed after initial production; E° integrates the subsequent first update.
Zero denotes abandonment before production. A single operating cutoff, when it exists, satisfies

eSS e
‘/t ’ P(ft’SP) = 0'

Entry. Conditional on the aggregate path and capability levels, Assumption OA.2(ii) requires
E5P ¢ arg max € [E@vasp(go) — feSP (OA.C.25)

Linearity in attempted entry implies the complementary slackness condition
0<&F L e —E VP (0) > 0. (OA.C.26)

A positive net value makes attempted entry unbounded; a negative value implies zero entry.
General equilibrium consistency and feasibility determine entry mass. This condition follows
from imposing the valuation criterion on entry, independently of line separability; exit values

create no consumption.

OA.C.6.4 Regularity and verification

Assume Borel state spaces, measurable returns and transition kernels, and finite-horizon ex-
pected absolute returns uniformly bounded over admissible policies from each initial state and
date. Let r5F denote the expected next-period operating return discounted by 557, net of cur-
rent search costs, as in (OA.C.18)—(0OA.C.20). The process used to evaluate product-line values
includes vacancy continuation after endogenous exit and an absorbing exogenous-death state

with zero subsequent returns. For every initial state £ and date ¢, assume

i~ RSP
. g s—t+lU SP | _
Tll_r)I;oSLglpEt7£ S:ETB R—§P|rs |] =0. (OA.C.27)

Here g ranges over admissible policies for this process. Ex ante startup values, including vacancy

opportunities, are integrable, and admissible aggregate paths satisfy

Zﬁt|logéfp| < 0.

t>0
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We assume that the maximum is attained for each planner problem considered.

Lemma OA.3 (Verification of value functions). For a fixed aggregate path satisfying these con-
ditions, the Bellman equations have a finite measurable value function attained by a measurable
policy. It is unique among solutions whose discounted expected terminal values vanish under every

admissible policy.

Proof. Following the finite-horizon approach in Stokey and Lucas Jr (1989, Sections 9.1 and 9.4),

backward induction with zero terminal values gives measurable finite-horizon value functions.

Since
T-1 RSP
[18F=8"""%. (OA.C.28)
s=t RT

condition (OA.C.27) makes the truncation error vanish uniformly over policies and permits pas-
sage to the limit in the Bellman equations. The finite action set admits a measurable maximizing
policy.

For any solution satisfying the terminal condition, iterating the Bellman inequality and tak-
ing limits shows that it weakly exceeds every policy’s expected return. A maximizing policy
gives equality. For the constructed value function, discounted expected terminal magnitude is
bounded by the maximal expected absolute remaining return, which vanishes by (OA.C.27).
This establishes attainment and uniqueness. Integrability then determines the startup val-

ues. U
The verification argument concerns value functions for a given aggregate path; it does not

establish equilibrium existence or uniqueness.

OA.C.6.5 Replication and capability choice

The following proposition compares the restricted planner with the CE when capabilities and
their acquisition costs are fixed. The CE in this comparison retains the startup-operation and

free-entry conditions but does not impose private optimality of capability investment.

Proposition OA.3 (Replication and restricted efficiency). Under the maintained restrictions and

regularity conditions:
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(i) For fixed (my, zp) and associated costs, the planner’s admissible stationary allocations coin-

cide with stationary CE allocations of the economy with capabilities fixed.

(i) For a fixed capability path and associated costs, both problems admit identical real allocation
paths, provided they start from the same inherited state and predetermined quantities and

decentralized firm values use household intertemporal valuation.

The restricted planner therefore selects a welfare-maximizing CE allocation. If the equilibrium is
unique, or the same equilibrium-selection rule is imposed on both problems, the corresponding CE

solves the restricted planner problem. In case (ii), along the common allocation path,

=0 forallt>0, WSP=wWCE, (OA.C.29)
Proof. Stationary allocations. At a stationary CE with fixed capabilities, Proposition OA.2 gives
the same production allocation and 7°F = 7 /w. Dividing CE value equations by the constant
wage gives (OA.C.18)—(0OA.C.24), with identical discounting, transitions, costs, and rules for

assigning exit values. Lemma OA.3 implies
VISP = Vi, je{ns,cs,ds, e}, VS = v/w, (OA.C.30)

with the same normalization for V¢! and V¢. The common indifference rule gives identical line
policies and startup operation, including 3° and B%* whenever these thresholds exist. Dividing
CE free entry by w gives (OA.C.26). Common entry masses, physical transitions, and resource
costs support the same invariant distribution, establishing admissibility for the planner.

Conversely, take an admissible stationary planner allocation and any constant wage w > 0.
Quantities ziégp (&) are supported by demand-clearing prices

(n=1)/n

0
N wYp n sPy—1/(n-1)
, pPo=_1_ . A.C.31
Dipt =1z BE P 1w(5’ ) (OA.C.31)

These prices satisfy the CE quantity first-order condition and give expected profit w7>F . Multi-
plying these value functions by w recovers the CE line, startup, and entry conditions. The phys-
ical distribution and labor feasibility imply market clearing; consolidating household-owned

firms gives the household budget identity. Thus the stationary real allocation sets coincide.
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Capabilities are fixed, so their private investment condition is excluded.

Sequential allocations. CE firm and entry values must use the household stochastic discount
factor, which is deterministic along the aggregate path. With log utility, the factor for nominal
payoffs is 3P,C;/(Py+1C+1), where P; is the CE consumption price index. Symmetry, the

constant markup, and conditional production imply
PyCy = NPyCly = %tht. (OA.C.32)

Converting next-period labor returns into current labor units therefore gives

PCy wir 3 Ry

_ = . (OA.C.33)
Py 1Cip1 wy Ritq

Thus the labor-unit CE discount factor is SR,/ R;+1; applying a constant 3 to unadjusted labor-
unit returns generally defines a different transition problem.> Equivalently, multiplying labor-
unit payoffs and values at each date ¢ by 1/R; gives a recursion with constant .

Under household intertemporal valuation, the stationary normalization and price construc-
tion apply date by date. Common terminal conditions ensure value uniqueness. With the same
inherited state, predetermined quantities, cohort characteristics, and physical law of motion,
both problems admit the same real allocation paths.

Restricted efficiency. If the equilibrium is unique, or a common selection rule restricts both
problems to the same allocation or path, the CE solves the corresponding restricted problem.
Along a common path, consumption agrees at every date and discounted welfare converges,
giving (OA.C.29). Stationary welfare is log C'/(1 — 3). With multiple admissible equilibria, the
planner can select a welfare-maximizing equilibrium if one exists; efficiency of every CE need

not follow. O

Corollary OA.2 (The value of capability choice). Starting from a stationary CE’s firm distribu-
tion, inherited capabilities (M_1, Z_1) = (m§®, :§¥), and predetermined quantities, the restricted

planner with capability choice attains WSP > WCE,

Proof. Set (a5, a?"") = (mSE, 2§F) for every ¢ > 0. Equations (OA.C.3)-(0A.C.5) reproduce

SFor comparison, Arkolakis et al. (2018, Appendix F) specify a constant 3 in the transition Bellman equation
with the wage normalized to one; their replication code uses the same convention.
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the benchmark capabilities at every date, and (OA.C.6) reproduces their acquisition cost. Re-
taining the CE entry, production, and product switching allocation preserves physical feasibility
and, by Proposition OA.3(i), the valuation conditions. Starting from the benchmark distribution
and predetermined quantities, this stationary path is therefore admissible. Maximizing welfare

over a set containing that path gives the result without requiring CE uniqueness. O

Scope of the comparison. The fixed-capability replication result concerns efficiency under
the maintained restrictions; it does not establish unrestricted efficiency or eliminate the pro-
duction and selection distortions caused by imperfect learning. The planner respects firms’
information and retains the assigned exit-value convention. Its assigned exit values can dif-
fer from their CE counterparts across allocations or capabilities; equality holds at a replicated
allocation. Using these values for entry preserves the decision structure without establishing
equivalence to joint portfolio optimization with zero physical scrap or welfare invariance to the
exit convention. Replication uses the same physical law of motion in both problems; under a
common numerical approximation, it applies to the approximated system.

Allowing capability choice measures the welfare gain from changing pre-entry investment
within this restricted decision structure. Corollary OA.2 establishes a weak welfare gain because
the baseline CE remains feasible; it does not determine the gain’s magnitude or the direction of

changes in managerial and productivity investment.

OA.D Empirical Appendix

OA.D.1 Data Construction

Data Sources Our main data source is the U.S. Census Bureau’s quinquennial Census of Man-
ufactures (CMF), linked to the Longitudinal Business Database (LBD). Our sample covers eight
census years from 1977 to 2012. The CMF covers U.S. manufacturing establishments with at
least one paid employee and reports establishment-level employment, payroll, worker hours,
input costs, value added, capital expenditures, and inventories. Crucially for our analysis, it

reports product codes—five-digit SIC or seven-digit NAICS codes—and the value of shipments
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by product.® See Bernard et al. (2010), Kehrig et al. (2011), and Kehrig and Vincent (2021)
for further details.

The LBD provides annual information on U.S. private nonfarm establishments with paid em-
ployees from 1976 onward, including employment, payroll, industry codes, and location. We
link CMF establishments to the LBD and use firm identifiers to aggregate establishment-level
observations to the firm level. The linked data allow us to measure firm size, age, productiv-
ity, employment growth, and entry and exit. See Jarmin and Miranda (2002) and Chow et al.
(2021) for details.

We use industry-level variables from the NBER-CES Manufacturing Industry Database de-
scribed in Becker et al. (2013). The version we use covers 1958-2018 and provides annual
measures of shipments, value added, employment, payroll, input costs, investment, total fac-
tor productivity, and price deflators. Industries are defined by four-digit SIC or six-digit NAICS
codes.

In addition, we use the Management and Organizational Practices Survey (MOPS), an establishment-
level survey of management practices and organizational structure in U.S. manufacturing, with
waves for 2010, 2015, and 2021.” We construct three measures of management and informa-
tion processing. The first is the average structured management score developed by Bloom et
al. (2019). The other two capture data availability (Q27) and the intensity of data use in deci-
sion making (Q28). We aggregate all three establishment-level measures to the firm level using

value-of-shipments weights.

Product Code Concordances We define products at the five-digit SIC level, using 1987 SIC
codes throughout the sample.® For 1977-1997, we use product codes that the Census Bureau
concords to 1987 SIC codes. To extend this consistent product definition to subsequent census
years, we use the 1997 CMF, which reports 1987 SIC and 1997 NAICS product codes.
Starting with the concordance between 1987 SIC and 1997 NAICS product codes, we use the
2002 Census bridge file to link 1997 and 2002 NAICS codes. We repeat this procedure for 2007

SFor example, SIC industry 3651 includes radios and radio combinations (36511), television receivers (36512),
and consumer high-fidelity components (36514).

’See Bloom et al. (2019) for details on the survey and the structured management score.

8We obtain product-level information from the CMF product trailers, using five-digit SIC codes through 1997
and seven-digit NAICS codes thereafter. For 1977-1997, the files contain both “as-collected” product codes and
codes concorded to the 1987 SIC revision.
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and 2012, mapping product codes in each year to 1987 SIC codes. To maintain consistency
within firms over 2002-2012, we match firm-product pairs to the preceding census and retain
their SIC codes. For pairs without a match, we assign SIC codes using the concordance. When
a NAICS product code maps to multiple SIC codes, we assign the SIC code most frequently
matched to that NAICS code.

Firm Age and Longitudinal Identifiers We use firm age constructed by the Census Bureau
following Haltiwanger et al. (2013). When a firm first appears, its age equals that of its oldest
establishment; firm age increases annually thereafter. We define young firms as those aged five
or less. Because the LBD begins in 1976, firm ages are left-censored for firms operating that
year. We use the 1972 CMF to adjust these ages and reduce misclassification of young firms.’
We measure firm size by total employment or total value of shipments. All nominal values are
deflated to 1997 dollars using industry-level deflators for the relevant variables.

Our baseline analysis uses the Census Bureau’s firm identifier, 1bdfid, which we refer to as
the “firm identifier” throughout. As described in Chow et al. (2021), this identifier addresses
the recycling of firm identifiers in the legacy LBD but does not fully resolve breaks associated
with firm reorganizations. Such breaks can affect our ability to track firms’ product portfolios
over time. To assess the robustness of our results, we construct alternative longitudinal firm

identifiers following Dent et al. (2018).

OA.D.2 Summary Statistics

Table OA.11 summarizes the firm characteristics, product-specific expertise, and management
measures used in the empirical analysis. Panel A distinguishes young firms, aged five or less,
from mature firms. Panels B and C report the distributions of expertise and management mea-

sures in their respective samples.

OA.D.3 Additional Descriptive Evidence

Table OA.12 reports the shares of firms engaging in product switching and their output shares

by age group, both including and excluding firm entry and exit. To distinguish product switch-

For LBD firms owning establishments observed in the 1972 CMF, we add four years to firm age if beginning-
of-year finished goods inventories (FIB) equal zero and five years if they are positive.
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Table OA.11: Summary Statistics

All firms  Young firms

Mature firms

Panel A: Firm characteristics

Employment 118.8 32.5 131.3
(1,469.0) (77.8) (1,571.0)
Firm age 14.74 291 16.44
(8.42) (1.62) (7.59)
Number of products 2.189 1.877 2.233
(2.896) (1.509) (3.041)
Observations 741,000 93,000 648,000
Mean Std. dev. Observations
Panel B: Product-specific expertise
Normalized expertise, ¢;, 0.366 0.244 1,622,000
Panel C: Management measures
Structured management score 0.589 0.159 46,000
Data availability 0.452 0.285 46,000
Intensity of data use 0.432 0.250 46,000

Notes: Panel A reports means and standard deviations (in parentheses) across firm-
year observations, including entrants and exiters. The analysis sample consists of
firms with estimable product-specific expertise and observations in at least two census
years. Young firms are aged five or less; mature firms are aged six or more. Products
are defined by five-digit 1987 SIC codes. Panel B reports statistics for normalized
expertise across firm-product-year observations in the product-dropping regression
sample. Panel C reports firm-level management measures constructed from MOPS
responses using value-of-shipments weights. All three management measures range

from zero to one.
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Table OA.12: Share of Product Switching Firms

Including entry and exit Continuers only
variables All Age 0-5 Age 6 + All Age 0-5 Age 6 +
Product adding only
Share of firms 0.094 0.100 0.093 0.128 0.130 0.128
Output share 0.058 0.098 0.057 0.067 0.139 0.066
Product dropping only
Share of firms 0.398 0.329 0.407 0.182 0.143 0.187
Output share 0.282 0.404 0.280 0.169 0.146 0.169
Product churning
Share of firms 0.248 0.310 0.239 0.336 0.394 0.327
Output share 0.582 0.284 0.588 0.674 0.409 0.678

Notes: Firms in the manufacturing sector from 1982 to 2007.

Table OA.13: Share of Multi-Product Firms

Share of firms Output share
Classification All Age 0-5 Age 6 + All Age 0-5 Age 6 +
sic5 0.450 0.432 0.452 0.891 0.615 0.896
sic4 0.332 0.301 0.336 0.838 0.451 0.845
sic2 0.183 0.153 0.187 0.702 0.267 0.711

Notes: Firms in the manufacturing sector from 1982 to 2007.

ing within continuing firms from changes associated with entry and exit, we focus on the last
three columns. In the pooled sample, 65% of continuing firms switch products over a five-year
interval, accounting for 91% of their total output. These patterns underscore the prevalence
and economic importance of product switching, consistent with Bernard et al. (2010).

Product switching often involves both adding and dropping products, which we refer to as
product churning. Approximately 52% of product-switching firms (34% out of 65%) both add
and drop products; the remainder either add or drop products. Product churning is more preva-
lent among young firms, whereas dropping products without adding others is less common than
among mature firms.

Table OA.13 reports the prevalence of multi-product firms at three aggregation levels: five-
digit SIC products, four-digit SIC industries, and two-digit SIC sectors. Under our baseline
five-digit definition, multi-product firms constitute 45% of firms but account for 89% of output.

Multi-product firms also span multiple industries and sectors. They are prevalent even among
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Table OA.14: Number of Products Produced/Added/Dropped

Including entry and exit Continuers only
All Age 0-5 Age 6 + All Age 0-5 Age 6 +
Number of products firms produce
Mean 2.189 1.877 2.233 2.192 1.645 2.269
Stdev. (2.896) (1.509) (3.041) (3.153) (1.377) (3.321)
Number of products firms add
Mean 1.27 1.831 1.189 1.244 1.605 1.194
Stdev. (1.831) (1.518) (1.858) (1.880) (1.374) (1.935)
Number of products firms drop
Mean 1.273 1.218 1.281 0.941 0.790 0.963
Stdev. (1.981) (1.482) (2.043) (1.841) (1.101) (1.922)

Notes: Firms in the manufacturing sector from 1982 to 2007.

young firms, accounting for 43% of firms and 62% of output in this age group. Single-product
firms, by contrast, constitute 55% of firms but account for 11% of output. Firms that produce a
single product and never switch products during the sample represent 14.8% of firms and 2.8%
of output.

Table OA.14 reports the means and standard deviations of the number of products firms
produce, add, and drop, for continuing firms, including single-product firms. On average, firms
produce 2.2 products and add 1.2 and drop 0.9 products over five years.'? Young firms produce
fewer products than mature firms (1.6 versus 2.3), but add more (1.6 versus 1.2) and drop

fewer (0.8 versus 1.0).

OA.D.4 Product Additions over the Firm Life cycle

We examine how the probability of adding products and the expertise of these additions vary
with firm age. Let I{‘ﬂd equal one if firm ¢ adds at least one product between census years ¢
and t + 5, following the definition in Section 3.1. To assess the expertise of these additions, we
define Zfﬁd’hig " to equal one if the average expertise of newly added products observed at ¢ + 5
exceeds the average expertise of the firm’s products at ¢. For each outcome, we estimate:

Yijt = a+ BT/ + Xijey + 0i + 0t + €ije, (OA.D.1)

ijt

9Bernard et al. (2010) report an average of 3.5 products among multi-product firms.
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Table OA.15: Product Add and Retention

Addyys Addyfs
Young Firm,;, 0.148%*** -0.112%**

(0.005) (0.017)
Observations 682,000 66,000
Fixed effects i, jt i, jt
Controls Full Full

Notes: Estimates for industry-year, firm fixed effects, and the constant are suppressed. Robust standard errors
clustered at the firm’s modal five-digit SIC product level are reported in parentheses. Observations are unweighted,
and observation counts are rounded due to the Census Bureau disclosure avoidance procedures. * p<0.1, ** p<0.05,
% p<0.01.

where Y, € {Ifj‘id,Ifﬂd’high }, and §;; denotes an industry-year fixed effect.
Column 1 of Table OA.15 shows that young firms are 14.8 percentage points more likely to
add a product over the next five years. Column 2 shows that, in the sample used to assess
addition quality, young firms are 11.2 percentage points less likely to have additions whose
average expertise exceeds that of their existing portfolio.'!
Together, these results suggest that young firms experiment with products but exhibit weaker
selection on expertise. These patterns are consistent with the model’s learning mechanism:

lower information-processing ability limits firms’ ability to distinguish high-expertise from low-

expertise products early in the firm life cycle.

OA.D.5 Product Additions, Drops, and Firm Performance

To examine how product portfolio adjustments relate to firm performance, we estimate:

Ayijt =oa+ ,811%7;01” + BQI%%d + Xijt’Y +0; + 5jt + €ijt, (OA.D.2)
where Ay;j; denotes the change in log real value added, employment, total factor productivity,

or labor productivity between ¢ and ¢ + 5.'? The indicators IZ;OP and Iﬁﬂd equal one if firm i

drops or adds at least one product over the same interval, respectively.

UEull regression results appear in Appendix OA.D.8.

12yalue added equals Total Value of Shipments + Final Inventory Investment + Work-in-Progress Goods - Resales
- Material Inputs - Energy Expenditures. Labor productivity is real value of shipments divided by total employment.
We use the Census Bureau’s TFP beta 8 measure available in the CMF.
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Table OA.16: Product Add/Drop and Firm Performance

AVadd AEmp ATFP ALP
Addt:t+5 0.8307':7':7': 0.8027':7':7': 0.7357':7':7': 0.7627':7':7':

(0.019) (0.019) (0.019) (0.019)
DTOpt:t—‘,—B _0.754*7\‘7’: _0'7317%7':7': _0.6867\‘7':7': _0.7137':7':7%

(0.019) (0.018) (0.017) (0.018)
Observations 682,000 682,000 648,000 648,000
Fixed effects i, jt i, jt i, jt i, jt
Controls Full Full Full Full

Notes: Estimates for industry-year, firm fixed effects, and the constant are suppressed. Robust standard errors
clustered at the firm’s modal five-digit SIC product level are reported in parentheses. Observations are unweighted,
and observation counts are rounded due to the Census Bureau disclosure avoidance procedures. * p<0.1, ** p<0.05,
*** p<0.01.

Table OA.17: Firm-Level Output and Long-run Performance Growth Decomposition

Output Long-run Performance (6;;,)
all age 0-5 age 6 + all age 0-5 age 6 +

Total changes 0.112 0.662 0.104 0.017 0.130 0.016
Within share 0.543 0.444 0.545 0 0 0
Between share 0.008 0.002 0.009 0.318 0.126 0.320
Cross share 0.009 -0.005 0.010 0 0 0
Addition share 0.424 0.554 0.422 0.574 0.853 0.572
Drop share 0.015 0.005 0.015 0.107 0.022 0.108

Notes: Firms in the manufacturing sector from 1982 to 2007.

Table OA.16 shows that product additions are positively associated with growth across all four
performance measures, while product drops are negatively associated with growth.'® Under this
additive specification, firms that both add and drop products have higher predicted growth than
firms that do neither. The implied differences, /3; + (32, are 0.076 log points for real value added,

0.071 for employment, and 0.049 for both total factor productivity and labor productivity.'*
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OA.D.6 Decomposition of Firm-Level Growth in Output and Product Expertise

We conduct an accounting decomposition of changes in the shipment-weighted average of
log real product shipments and product-specific expertise. This decomposition distinguishes
changes within continuing firm-product pairs, reallocation across continuing products, and
product additions and drops.

Define within-firm output share of product p at ¢ for firm i as w;,; = 3 PVipt , where

PV, denotes the real product value of shipments of product p by firm ¢ atpt, etlnd Pi: is the
set of products in firm i’s product portfolio at ¢. Let y;,;» denote either the log of real product
value of shipments, log(PV;;), or the firm-product long-run performance, ¢;,. We compute the
shipment-weighted average log product shipments or expertise as y;; = Zpepit Wipt Yipt -

We then decompose the change in each shipment-weighted average as:

Ay = Z Wip,t—58Yipt + Z (Yip,t—5 — Yit—5) Awipt + Z Awipt AYipt

p€ECit p€ECit p€ECit
within term between term Cross term
+ E wipt (Yipt — Yit—5) — g Wip,t—5(Yip,t—5 — Yit—5) - (OA.D.3)
pENG; peEXit
addition term drop term

AX, = X4 — X4_5 is the change in any variable X, between ¢ — 5 and ¢, C; is the set of
continuing products that firm 4 produces in both ¢t — 5 and ¢, N, is the set of products newly
added by firm 7 in ¢, and X, is the set of products dropped by firm i in ¢.

Table OA.17 presents decomposition results for shipment-weighted average log product ship-
ments and expertise (6;,). We normalize each term by the total change to quantify its con-
tribution to growth. We refer to these values as shares. The first three columns show that
growth in the shipment-based measure is primarily driven by within-product growth (within
share) and new product addition (addition term). For young firms, however, new product ad-
dition plays a more prominent role than within-product growth. The combined contribution of
product-switching components, addition and drop shares, is 28% higher for young firms than

for mature firms (0.554 + 0.005 vs. 0.422 + 0.015).

13 Appendix Table OA.26 reports full regression results.
For related evidence linking product switching to firm growth and productivity, see Bernard et al. (2010) and
Argente et al. (2018).
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OA.D.7 Full Tables: Product Dropping

The main text presents the product-dropping regressions through the interacted specification
in equation (3.41). The specifications for overall selection on performance and average age

differences are, respectively,

I;;Tﬁp =a+ BQipt + Xipjtv1 + Xijeye + d; + 5pt + Eipjt- (OA.D.4)
I0P = o+ BT + Xipjon + Xijiva + 6i + Opt + i (OA.D.5)

where the performance measures, controls, and fixed effects are defined in the main text. For

management and information processing, we estimate

Ii;%p = a+ Biqip + Bamijt + Badip X mije + Xipjey1 + Xijeya + 0i + Opt + €ipje,  (OAD.6)

where m;;; denotes the structured management score, data availability (Q27), or data use

intensity (Q28). The tables below report full results.
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Table OA.18: Probability of Product Drop (PV)

VARIABLES Dropi.i+s Dropy.i+s Dropi.i+s Dropy.i+s Dropi.i+s

log(PVipt) -0.055%** -0.054%** -0.053*** -0.053%** -0.052%**
(0.002) (0.002) (0.002) (0.002) (0.002)

log(Emp) -0.020%** -0.009%** -0.012%**
(0.002) (0.002) (0.002)

log(Total Assets) 0.003%** 0.019*** 0.019***
(0.001) (0.004) (0.004)

# establishments -0.002%** -0.002%** -0.002%**
(0.000) (0.000) (0.000)

# products 0.007%** 0.007*** 0.006%***
(0.000) (0.000) (0.000)

log(CA) -0.002%** -0.002%** -0.002%**
(0.001) (0.001) (0.001)

log(CS) -0.004*** -0.004*** -0.003***
(0.001) (0.001) (0.001)

TFP -0.004* -0.006** -0.007***
(0.002) (0.002) (0.003)

log(Prod. Emp) -0.009*** -0.010%**
(0.001) (0.001)

log(Equipment) -0.028%*** -0.029%**
(0.004) (0.004)

log(Structure) 0.0117%** 0.011%**
(0.003) (0.003)

log(Material) -0.004*** -0.004***
(0.001) (0.001)

log(Energy) 0.004*** 0.003***
(0.001) (0.001)

Tenure 0.004*** 0.004***
(0.000) (0.001)

Tenure squared -0.000%*** -0.000%**
(0.000) (0.000)

Constant 0.943*** 0.942%%** 0.965%** 0.978*** 1.004%**
(0.010) (0.010) (0.015) (0.016) (0.017)

Notes: Estimates for product-year, firm fixed effects, and the constant are suppressed. Observations are unweighted.
* p<0.1, ** p<0.05, *** p<0.01.
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Table OA.19: Probability of Product Drop (6;,)

VARIABLES Dropt.t+s Dropt.t+5 Dropt.t+s Dropt.t+5 Dropt.t+s

Oip -1.212%** -1.028%** -1.189%** -1.187%** -1.074%*>
(0.029) (0.022) (0.029) (0.029) (0.021)

log(Emp) -0.035%**  -0.015%**  -0.016%**
(0.002) (0.002) (0.002)

log(Total Assets) 0.002* 0.023*** 0.021%**
(0.001) (0.004) (0.004)

# establishments -0.002%** -0.002%** -0.002%**
(0.000) (0.000) (0.000)

# products 0.005%** 0.005%*** 0.005***
(0.000) (0.000) (0.000)

log(CA) 0 0 0.002%**
(0.001) (0.001) (0.001)

log(CS) -0.005%** -0.005%** -0.002%**
(0.001) (0.001) (0.001)

TFP -0.0171%** -0.020%** -0.013%**
(0.002) (0.002) (0.002)

log(Prod. Emp) -0.009%** -0.010%**
(0.001) (0.001)

log(Equipment) -0.025%%** -0.025%**
(0.004) (0.004)

log(Structure) 0.005** 0.006**
(0.003) (0.003)

log(Material) -0.013%** -0.008%**
(0.001) (0.001)
log(Energy) 0.001 0.002*
(0.001) (0.001)

log(PVipt) -0.021%** -0.017%**
(0.001) (0.001)

Tenure 0.041%** 0.042***
(0.001) (0.001)

Tenure squared -0.001%** -0.001***
(0.000) (0.000)

Constant 1.053*** 0.963*** 1.164*** 1.2271*** 1.111%**
(0.015) (0.014) (0.021) (0.022) (0.022)

Notes: Estimates for product-year, firm fixed effects, and the constant are suppressed. Observations are unweighted.
* p<0.1, ** p<0.05, *** p<0.01.

77



Table OA.20: Probability of Product Drop (Young Firm)

VARIABLES Dropt.t+s Dropt.t+5 Dropt.t+s Dropt.t+5 Dropt.t+s

Young Firm,, -0.084%*** -0.073%** -0.092%** -0.093*** -0.075%**
(0.004) (0.003) (0.004) (0.004) (0.003)

log(Emp) -0.050%*** -0.025%** -0.015%**
(0.002) (0.002) (0.002)

log(Total Assets) -0.008%*** 0.015%** 0.019%**
(0.001) (0.005) (0.004)

# establishments -0.004*** -0.004*** -0.002%**
(0.000) (0.000) (0.000)

# products 0.011%** 0.0117%** 0.006%**
(0.001) (0.001) (0.000)

log(CA) -0.003*** -0.002%*** -0.001**
(0.001) (0.001) (0.001)

log(CS) -0.002** -0.002** -0.003%***
(0.001) (0.001) (0.001)

TFP -0.014%** -0.027%** -0.008%***
(0.002) (0.003) (0.003)

log(Prod. Emp) -0.008*** -0.010%**
(0.001) (0.001)

log(Equipment) -0.032%%** -0.029%**
(0.004) (0.004)

log(Structure) 0.0171%** 0.011%**
(0.003) (0.003)

log(Material) -0.019%** -0.005%**
(0.001) (0.001)

log(Energy) -0.002* 0.003***
(0.001) (0.001)

1og(PVipt) -0.054%** -0.052% %
(0.002) (0.002)

Tenure 0.002%** 0.003%**
(0.000) (0.000)

Tenure squared -0.000%** -0.000%**
(0.000) (0.000)

Constant 0.591*** 0.951*** 0.828*** 0.918%*** 1.038%**
(0.000) (0.011) (0.015) (0.016) (0.018)

Notes: Estimates for product-year, firm fixed effects, and the constant are suppressed. Observations are unweighted.
* p<0.1, ** p<0.05, *** p<0.01.
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Table OA.21: Probability of Product Drop (PV x Young)

VARIABLES Dropy.t+5 Dropyg.t4s Dropyg.tys Dropy.tys Dropy.tys

log(PVipt) -0.056%** -0.055%** -0.054*** -0.054*** -0.052%**
(0.002) (0.002) (0.002) (0.002) (0.002)

Young Firm,, -0.163%** -0.142%%** -0.159%** -0.160%** -0.1471%**
(0.008) (0.007) (0.008) (0.008) (0.007)

log(PVipt) x Young;, 0.012%** 0.011*** 0.011%*** 0.011*** 0.010***
(0.001) (0.001) (0.001) (0.001) (0.001)

log(Emp) -0.025%%*  .0.013***  .0.015%**
(0.002) (0.002) (0.002)

log(Total Assets) 0.001 0.019%** 0.019***
(0.001) (0.004) (0.004)

# establishments -0.002%** -0.002%** -0.002%**
(0.000) (0.000) (0.000)

# products 0.007*** 0.007*** 0.006***
(0.000) (0.000) (0.000)
log(CA) -0.002%** -0.001~ -0.001*
(0.001) (0.001) (0.001)

log(CS) -0.003*** -0.003%** -0.003***
(0.001) (0.001) (0.001)

TFP -0.005** -0.008%** -0.009%**
(0.002) (0.003) (0.003)

log(Prod. Emp) -0.009*** -0.010%**
(0.001) (0.001)

log(Equipment) -0.029%** -0.029%**
(0.004) (0.004)

log(Structure) 0.011%** 0.011%**
(0.003) (0.003)

log(Material) -0.004*** -0.005%**
(0.001) (0.001)

log(Energy) 0.004*** 0.003***
(0.001) (0.001)

Tenure 0.003*** 0.003***
(0.000) (0.000)

Tenure squared -0.000%** -0.0007%**
(0.000) (0.000)

Constant 0.960*** 0.957%** 1.012%** 1.027%** 1.044%**
(0.011) (0.011) (0.016) (0.017) (0.018)

Notes: Estimates for product-year, firm fixed effects, and the constant are suppressed. Observations are unweighted.
* p<0.1, ** p<0.05, *** p<0.01.
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Table OA.22: Probability of Product Drop (6;, x Young)

VARIABLES Dropt.t+5 Dropy.145 Dropy.s45 Dropt.4s Dropi.i4s

0:p -1.227 %% -1.032%* -1.196%** -1.194% -1.081%**
(0.030) (0.022) (0.030) (0.030) (0.022)

Young Firm,, -0.411%%* -0.371%x* -0.402% -0.403 % -0.368%**
(0.022) (0.023) (0.022) (0.022) (0.022)

0ip x Young;, 0.395%%* 0.514%%** 0.367%** 0.368%** 0.497%%*
(0.044) (0.043) (0.043) (0.043) (0.043)

log(Emp) -0.040%**  -0.020%**  -0.018***
(0.002) (0.002) (0.002)

log(Total Assets) 0 0.022%** 0.020%***
(0.001) (0.004) (0.004)

# establishments -0.002%** -0.002%** 0.007***
(0.000) (0.000) (0.000)

# products 0.005%** 0.005%** 0.005%**
(0.000) (0.000) (0.000)

log(CA) 0 0.001* 0.002%**
(0.001) (0.001) (0.001)

IOS(CS) _0_004*‘/\'* _0_004**7‘: -0.002%**
(0.001) (0.001) (0.001)

TFP -0.012%** -0.021 % -0.014%**
(0.002) (0.002) (0.002)

log(Prod. Emp) -0.009***  -0.010%**
(0.001) (0.001)

log(Equipment) -0.026%** -0.026%**
(0.004) (0.004)

log(Structure) 0.005* 0.006**
(0.003) (0.003)

log(Material) -0.014%** -0.008***
(0.001) (0.001)
log(Energy) 0 0.002*
(0.001) (0.001)

log(PVipt) -0.021%** 0.017%%*
(0.001) (0.001)

Tenure 0.039%*** 0.039%**
(0.001) (0.001)

Tenure squared -0.001%** 0.001%**
(0.000) (0.000)

Constant 1.071%** 0.980%** 1.222%%* 1.280%** 1.146%**
(0.015) (0.014) (0.021) (0.023) (0.022)

Notes: Estimates for product-year, firm fixed effects, and the constant are suppressed. Observations are unweighted.
* p<0.1, ** p<0.05, *** p<0.01.
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Table OA.23: Probability of Product Drop (;, x Management)

VARIABLES Dropiytys  Dropeivs  Dropriys  Dropeirs  Dropeirs  Dropeiys
Management 0.356%%*  0.465***  0.341%**  0.406%**  0.348%*%  (.427%**
(0.040) (0.041) (0.033) (0.033) (0.035) (0.036)
0ip x MOPS -0.983%**  1.036%**  -0.768%** -0.832%** .0.837%** .0.912%**
(0.080) (0.082) (0.061) (0.062) (0.066) (0.068)
Oip -1.2171%**  -1.,055%** -1.292%** .1,127%** _]1.289%** .1, 119%**
(0.045) (0.041) (0.037) (0.033) (0.038) (0.035)
log(Emp) -0.015%** -0.015%** -0.015%**
(0.002) (0.002) (0.002)
log(Total Assets) 0.021%** 0.020%** 0.020%**
(0.004) (0.004) (0.004)
# establishments -0.0071 *** -0.002%%* -0.002%**
(0.000) (0.000) (0.000)
# products 0.005%** 0.005*** 0.005 %%
(0.000) (0.000) (0.000)
log(CA) 0.002*** 0.002%** 0.002% %
(0.001) (0.001) (0.001)
log(CS) -0.001 -0.001 -0.001
(0.001) (0.001) (0.001)
TFP -0.012%+* 0.012%%* 00194k
(0.002) (0.002) (0.002)
log(Prod. Emp) -0.011%%* L0.011%** L0.011%%*
(0.001) (0.001) (0.001)
log(Equipment) -0.025%** _0.025%** -0.025%**
(0.004) (0.004) (0.004)
log(Structure) 0.005** 0.005%* 0.005%*
(0.003) (0.003) (0.003)
log(Material) -0.007**=* -0.007%** -0.007%**
(0.001) (0.001) (0.001)
log(Energy) 0.002%*** 0.002%** 0.002%%*
(0.001) (0.001) (0.001)
log(PVipt) -0.017%** -0.017%%* -0.017%**
(0.001) (0.001) (0.001)
Tenure 0.041%** 0.0471%** 0.041%**
(0.001) (0.001) (0.001)
Tenure squared -0.001%** _0.007%** -0.001%%*
(0.000) (0.000) (0.000)
Constant 1.014***  1.048***  (0.998***  1.056***  1.012***  1.064***

(0.022) (0.028) (0.019) (0.025) (0.019) (0.026)

Notes: Managerial ability is measured using the Management and Organizational Practices Survey (MOPS).
Columns (1)-(2) use the overall management index as in Bloom et al. (2019), columns (3)-(4) use the data-
availablity meausre (Q27), and columns (5)-(6) use the data use intensity measure (Q28). Estimates for firm and
product-year fixed effects are suppressed. Standard errors clustered at the SIC5 level are reported in parentheses.
Observations are unweighted. * p < 0.1, ** p < 0.05, *** p < 0.01.
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OA.D.8 Full Tables: Firm-Level Evidence

Table OA.24: Product Add and Retention (Young Firm)

Addy.y 15 Addy.i45 Addy.i 45

Young Firm,, 0.140%** 0.148%%* 0.148%**
(0.005) (0.005) (0.005)

log(Emp) 0.032%** 0.029%**
(0.003) (0.002)
log(Total Assets) 0.010%** -0.005
(0.001) (0.004)

# establishments 0.012%** 0.012%**
(0.004) (0.003)

# pl‘OdUCtS -0.027%** _0.027%%*
(0.002) (0.002)

log(CA) -0.003*** -0.003**
(0.001) (0.001)

log(CS) -0.006%%* -0.007%%*
(0.001) (0.001)

TFP -0.001 0.008***
(0.003) (0.003)

log(Prod. Emp) -0.008%%*
(0.001)

log(Equipment) 0.0271%%*
(0.003)

log(Structure) -0.008%**
(0.003)

log(Material) 0.010%**
(0.001)

log(Energy) 0.006%**
(0.001)

Constant 0.350%*** 0.220%** 0.174%%%
(0.002) (0.015) (0.018)

Notes: Estimates for industry-year, firm fixed effects, and the constant are suppressed. Observations are unweighted.

* p<0.1, ** p<0.05, *** p<0.01.
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Table OA.25: High-Performing Product Add and Retention (Young Firm)

Addgfy Addys Addys

Young Firm,, -0.115%** -0.114%** _0.112%%*
(0.016) (0.017) (0.017)

log(Emp) -0.018** .0.018**
(0.008) (0.009)
log(Total Assets) -0.007 0.037%%*
(0.005) (0.012)
# establishments -0.007%** _0.007%**
(0.003) (0.003)
# pI'OdUCtS 0.020*** 0.020%**
(0.003) (0.003)
log(CA) 0.003 0.002

(0.003) (0.003)
log(CS) -0.004 -0.003
(0.003) (0.003)

TFP -0.020** -0.034%**
(0.008) (0.009)

log(Prod. Emp) 0.021%***
(0.003)

log(Equipment) -0.025%**
(0.009)

log(Structure) -0.015*
(0.009)

log(Material) L0.016%**
(0.004)

log(Energy) 10.013%**
(0.005)

Constant 0.347%** 0.463%** 0.516%**
(0.003) (0.041) (0.049)

Notes: Estimates for industry-year, firm fixed effects, and the constant are suppressed. Robust standard errors
clustered at the firm’s modal five-digit SIC product level are reported in parentheses. Observations are unweighted,
and observation counts are rounded due to the Census Bureau disclosure avoidance procedures. * p<0.1, ** p<0.05,
##% p<0.01.
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Table OA.26: Product Add/Drop and Firm Performance

AVadd AEmp ATFP ALP
Addy.iys 0.830*** 0.802%** 0.735%** 0.762%**
(0.019) (0.019) (0.019) (0.019)
Dropi.iys -0.754%%** -0.731%** -0.686%** -0.713%**
(0.019) (0.018) (0.017) (0.018)
log(Emp) -0.187%** -0.604%** 0.099%** 0.200%**
(0.009) (0.008) (0.007) (0.007)
log(Total Assets) -0.071%** -0.021%** -0.026** -0.018
(0.006) (0.006) (0.012) (0.011)
# establishments -0.027%%* -0.024%** -0.026%** -0.028%***
(0.008) (0.007) (0.008) (0.008)
# products 0.077*** 0.079*** 0.070*** 0.072%**
(0.006) (0.005) (0.005) (0.006)
log(CA) -0.003* 0.006%*** 0.002 0.003
(0.002) (0.002) (0.002) (0.002)
log(CS) 0.014%** 0.014%** 0.01717%** 0.012%**
(0.002) (0.002) (0.002) (0.002)
TFP -0.561%** 0.130%** -0.369%** -0.088%***
(0.012) (0.006) (0.022) (0.026)
log(Prod. Emp) 0.021%*** 0.028%*** 0.019%** 0.001
(0.003) (0.003) (0.003) (0.003)
log(Equipment) 0.030%** 0.075%** 0.059*** 0.029***
(0.005) (0.005) (0.007) (0.006)
log(Structure) -0.046%** -0.028%** -0.028%** -0.035%**
(0.005) (0.005) (0.008) (0.007)
log(Material) -0.049%** 0.068%*** 0.023*** -0.042%**
(0.006) (0.003) (0.006) (0.008)
log(Energy) -0.030%** 0.0427%** 0.010%*=* 0.035%*=*
(0.004) (0.002) (0.003) (0.004)
Constant 2.252%** 0.424%*** -0.415%** -0.633%**
(0.052) (0.047) (0.081) (0.100)
Observations 682,000 682,000 648,000 648,000
Fixed effects i, jt i, jt i, jt i, jt
Controls Full Full Full Full

Notes: Estimates for industry-year, firm fixed effects, and the constant are suppressed. Robust standard errors
clustered at the firm’s modal five-digit SIC product level are reported in parentheses. Observations are unweighted,
and observation counts are rounded due to the Census Bureau disclosure avoidance procedures. * p<0.1, ** p<0.05,
% p<0.01.
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OA.D.9 Robustness

First, differences in observation histories may affect the precision of estimated expertise, partic-
ularly for young firms. We therefore re-estimate expertise using only the first two observations
per firm-product pair, holding the number of observations constant across pairs. We also use
5-, 10-, and 15-year rolling estimation windows to assess sensitivity to the horizon over which
expertise is assumed constant. The interaction between expertise and the young-firm indicator
remains positive and statistically significant across these specifications, although its magnitude
varies.

Second, expertise estimates may capture firm-level determinants of shipments not fully ac-
counted for by baseline controls. We vary firm-level controls, including a specification without
them. We also consider replacing these controls with firm-year fixed effects, which absorb
time-varying conditions common to a firm’s products. Alternatively, we consider an AKM-style
specification (Abowd et al., 1999) and construct product-specific expertise as the time average
of residuals within firm-product pairs.'®> The positive age interaction persists when expertise is
estimated without firm-level controls.

Third, we assess sensitivity to expertise normalization. We replace the baseline measure
with standardized estimates and percentile rankings within industry-year or product-year cells.
These alternatives measure expertise relative to firms and products within these cells. The age
difference in selection persists across these measures.

Fourth, we assess statistical inference using bootstrapped standard errors. The expertise
coefficient remains negative and the interaction with the young-firm indicator positive, with
both statistically significant.

Finally, product disappearance may reflect firm exit rather than portfolio adjustment within
continuing firms. We re-estimate the product-dropping regressions after excluding firms that

subsequently exit. The main age-related selection pattern persists.

15 Appendix OA.D.11 discusses these specifications.
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Table OA.27: Probability of Product Drop (Alternative ¢;, Estimates)

VARIABLES (€3] (2) (3) € (5) (6) (7) 8
Oip 0.037 -0.013 -0.608***  -0.617*** -0.491*** -0.495%** -0.313%*** -0.318%**
(0.037) (0.037) (0.016) (0.016) (0.015) (0.015) (0.016) (0.016)
Young Firm -0.453*** -0.344%** -0.303*** -0.130%**
(0.025) (0.016) (0.017) (0.020)
0:p x Young 0.439%% 0.376%** 0.287%%* 0.083%%*
(0.042) (0.025) (0.026) (0.030)
Constant 0.781***  0.849***  0.946*** 0.983*** 0.897%*** 0.935%** 0.939%** 0.974%**
(0.021) (0.020) (0.021) (0.021) (0.019) (0.019) (0.016) (0.017)
Observations 1,622,000 1,622,000 1,622,000 1,622,000 1,622,000 1,622,000 1,622,000 1,622,000
Controls Full Full Full Full Full Full Full Full
0;p estimation 20bs 20bs S5yrrolling 5yrrolling 10yr rolling 10yr rolling  15yr rolling 15yt rolling
VARIABLES ) (10) an (12) (13) a4 (15) (16)
Oip -0.050***  -0.050%** -0.158%** -0.160%** -0.049***  -0.050%*** -0.160%*** -0.163***
(0.001) (0.001) (0.005) (0.005) (0.001) (0.001) (0.005) (0.005)
Young Firm -0.108*** -0.148%** -0.108*** -0.148%**
(0.004) (0.005) (0.004) (0.005)
0;p x Young 0.025%*** 0.076*** 0.027%*** 0.076***
(0.002) (0.007) (0.002) (0.007)
Constant 0.553%** 0.584%*** 0.646%** 0.678%*** 0.555%** 0.585%** 0.646%** 0.677%**
(0.020) (0.020) (0.020) (0.020) (0.021) (0.020) (0.020) (0.020)
Observations 1,622,000 1,622,000 1,622,000 1,622,000 1,622,000 1,622,000 1,622,000 1,622,000
Adjusted R? 0.495 0.497 0.494 0.496 0.495 0.497 0.494 0.496
Controls Full Full Full Full Full Full Full Full

0;p estimation Norm (j¢) Norm (j¢) Percentile (jt) Percentile (jt) Norm (pt) Norm (pt) Percentile (pt) Percentile (pt)

Notes: Columns are based on alternative specification of estimating 6;,. Columns (1)-(2) are based on the first 2 observations for each product-
firm pair, (3)-(4) are estimates with 5 year rolling-year basis, (5)-(6) are with 10 year rolling-year basis, (7)-(8) are with 15 year rolling-year
basis, (9)-(10) are based on standardization with the industry-year distribution, (11)-(12) are based on the percentile rankings within industry-
year, (13)-(14) are based on standardization with the product-year distribution, and (15)-(16) are based on the percentile rankings within
product-year. Full-control specifications include the same set of controls as in the baseline regressions. Estimates for product-year and firm

fixed effects are suppressed. Observations are unweighted. Standard errors clustered at the SIC5 level are reported in parentheses. * p<0.1,
*k P<O-05, ok P<0.01-



Table OA.28: Probability of Product Drop (Alternative ¢;, Estimates)

VARIABLES Dropt.t4s Dropy.iis
Oip -0.563%** -0.580% ¥
(0.016) (0.017)
Young Firm -0.317%**
(0.014)
8;p x Young 0.394%**
(0.027)
Constant 0.855*** 0.892%**
(0.024) (0.024)
Observations 1,622,000 1,622,000
Adjusted R? 0.493 0.495
Controls Full Full
8, estimation No controls No controls

Notes: Results are based on alternative specification of estimating 6;, without firm controls. Estimates for product-
year and firm fixed effects are suppressed. Observations are unweighted. Standard errors clustered at the SIC5 level
are reported in parentheses. * p<0.1, ** p<0.05, *** p<0.01.
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Table OA.29: Probability of Product Drop (6;,, boostrapped standard errors)

VARIABLES Dropi.i+s Dropy.i+s Dropi.i+s Dropy.i+s Dropi.i+s

Oip -1.212%%* -1.028%** -1.189%** -1.187%** -1.074%**
(0.094) (0.119) (0.095) (0.095) (0.120)

log(Emp) -0.035%** -0.015%** -0.016%**
(0.001) (0.001) (0.001)

log(Total Assets) 0.002%** 0.023*** 0.021%**
(0.000) (0.001) (0.001)

# establishments -0.002%** -0.002%** -0.002%**
(0.000) (0.000) (0.000)

# products 0.005%** 0.005%** 0.005%***
(0.000) (0.000) (0.000)

log(CA) 0 0 0.002%**
(0.000) (0.000) (0.000)

log(CS) -0.005%** -0.005*** -0.002%**
(0.000) (0.000) (0.000)

TFP -0.011%** -0.020%** -0.013***
(0.001) (0.001) (0.001)

log(Prod. Emp) -0.009*** -0.010%**
(0.001) (0.000)

log(Equipment) -0.025%** -0.025%**
(0.001) (0.001)

log(Structure) 0.005%** 0.006***
(0.001) (0.001)

log(Material) -0.013%** -0.008%***
(0.001) (0.001)

log(Energy) 0.001 0.002%***
(0.001) (0.001)

log(PVipt) -0.021%** -0.017%**
(0.002) (0.002)

Tenure 0.041%*** 0.042***
(0.000) (0.000)

Tenure squared -0.001%** -0.001***
(0.000) (0.000)

Notes: Estimates for product-year and firm fixed effects are suppressed. Observations are unweighted.
standard errors are reported in parentheses. * p<0.1, ** p<0.05, *** p<0.01.
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Table OA.30: Probability of Product Drop (#;, x Young, boostrapped standard errors)

VARIABLES Dropy.i45 Dropg.ty5 Dropy.i45 Dropg.ti5

Oip -1.032%** -1.196%** -1.194%%** -1.081%**
(0.118) (0.092) (0.092) (0.120)

Young Firm,, -0.371%** -0.402%** -0.403*** -0.368%**
(0.042) (0.056) (0.056) (0.043)

8ip x Young,, 0.514%** 0.367*** 0.368*** 0.497+***
(0.072) (0.098) (0.099) (0.073)

log(Emp) -0.040%** -0.020%** -0.018%**
(0.001) (0.001) (0.001)

log(Total Assets) 0 0.022%** 0.020%**
(0.000) (0.001) (0.001)

# establishments -0.002%** -0.002%** -0.001 ***
(0.000) (0.000) (0.000)

# products 0.005*** 0.005%** 0.005%***
(0.000) (0.000) (0.000)

log(CA) 0 0.001** 0.002%**
(0.000) (0.000) (0.000)

log(CS) -0.004%** -0.004%** -0.002%**
(0.000) (0.000) (0.000)

TFP -0.012%** -0.021%%** -0.014%**
(0.001) (0.001) (0.001)

log(Prod. Emp) -0.009%*** -0.010%**
(0.001) (0.000)

log(Equipment) -0.026%** -0.026***
(0.001) (0.001)

log(Structure) 0.005%** 0.006***
(0.001) (0.001)

log(Material) -0.014%** -0.008***
(0.001) (0.001)

log(Energy) 0 0.002%**
(0.000) (0.001)

log(PVipt) -0.021%** -0.017%%*
(0.002) (0.002)

Tenure 0.039%** 0.0397***
(0.000) (0.000)

Tenure squared -0.001*** -0.001***
(0.000) (0.000)

Notes: Estimates for product-year and firm fixed effects are suppressed. Observations are unweighted.
standard errors are reported in parentheses. * p<0.1, ** p<0.05, *** p<0.01.
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Table OA.31: Probability of Product Drop (6;, x Firm Age)

VARIABLES Droprass Droperes

v -0.816%** -0.628%%*
(0.038) (0.033)

0ip x Firm Age; -0.022%** -0.024 %%
(0.002) (0.002)

log(Emp) -0.015%**
(0.002)

log(Total Assets) 0.027 %**
(0.004)

# establishments -0.0027%**
(0.000)

# products 0.005%**
(0.000)

log(CA) 0.001**
(0.001)

log(CS) -0.004***
(0.001)

TFP -0.013***
(0.002)

log(Prod. Emp) -0.010%**
(0.001)

log(Equipment) _0.025%**
(0.004)

log(Structure) 0.006**
(0.003)

log(Material) -0.008***
(0.001)
log(Energy) 0.002*
(0.001)

IOg(P‘/ipt) -0.018%
(0.001)

Tenure 0.041%**
(0.001)

Tenure squared -0.0071***
(0.000)

Constant 1.018%** 1.070%**
(0.0149) (0.022)

Notes: Estimates for product-year, firm fixed effects, and the constant are suppressed. Firm Age is measured as the

age of the firm in years. Observations are unweighted. * p<0.1, ** p<0.05, *** p<0.01.
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Table OA.32: Number of Input Materials Used per Product by Firms

Including entry and exit Continuers only
all age 0-5 age 6 + all age 0-5 age 6 +
Mean 20.30 19.45 20.43 21.33 21.50 21.31
Stdewv. (20.29) (19.86) (20.35) (21.00) (21.34) (20.95)

Notes: Firms in the manufacturing sector from 1982 to 2007.

OA.D.10 Product-Firm Proximity

Up to this point, we have focused on the relationship between product dropping and adding,
as well as the relative expertise of added and dropped products. We now turn to examining the
proximity between newly added products and a firm’s existing product portfolio. The literature
finds that firms tend to produce products close to each other in terms of various measures, such
as industry classification or the composition of material inputs used (e.g., Bernard et al., 2010;
Boehm et al., 2022). Nonetheless, we also observe many instances in which firms expand into
entirely new industries.

To examine whether the proximity of added products to a firm’s existing product portfolio
varies over the firm life-cycle, we use the share of input materials used to produce a newly added

product that are also used for the firm’s existing products as a proxy for product proximity.'®-'”

add
ijt

Let MaterialCloseness" denote the average of the proximity measure of products added by
firm ¢ between ¢ and ¢ + 5. The mean (standard deviation) of the material-based closeness of
added products in the churning case is 0.708 (0.271). Table OA.32 shows the number of input
materials used per product by firms across age groups. Focusing on the continuing firms, we
find that young firms use slightly more variety of input materials to produce each product, and
the variance is also larger compared to mature firms.

We then estimate the following regression model:

MaterialC’loseness%gd =a+ BI%WQ + Xijey + 0 + 05t + €4t (OA.D.7)

1®The CMF provides establishment-level data on the list of material inputs used and associated expenditures.
By focusing on single-product establishments, we identify the set of material inputs used in the production of each
product.

7We are in the process of exploring an expenditure-weighted version of the material input-based proximity
measure, following Boehm et al. (2022).
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Table OA.33:

Material-Based Closeness of Added Products (Young Firm)

Matiid Matgdd Matgdd
Young Firm,, -0.005 -0.003 -0.003
(0.005) (0.004) (0.004)
log(Emp) -0.012%** -0.003
(0.002) (0.003)
log(Total Assets) -0.004*** -0.001
(0.001) (0.004)

# establishments 0.005%** 0.005 %%
(0.002) (0.002)

# products -0.024%%* -0.024%%**
(0.002) (0.002)

log(CA) -0.003 % -0.003 %%
(0.001) (0.001)

log(CS) -0.007%** _0.007%%*
(0.001) (0.001)

TFP -0.003 -0.007%**
(0.002) (0.002)

# materials 0.005%** 0.005%%**
(0.000) (0.000)
log(Prod. Emp) -0.001
(0.001)

log(Equipment) -0.005*
(0.003)
log(Structure) 0.004*
(0.002)

log(Material) -0.005%**
(0.001)

log(Energy) -0.007%**
(0.001)

Constant 0.520%** 0.489%** 0.521%**
(0.003) (0.011) (0.013)

Observations 198,000 198,000 198,000

Fixed effects 1, jt 1, jt 1, jt

Notes: Estimates for industry-year, firm fixed effects, and the constant are suppressed. Robust standard errors
clustered at the firm’s modal five-digit SIC product level are reported in parentheses. Observations are unweighted,
and observation counts are rounded due to the Census Bureau disclosure avoidance procedures. * p<0.1, ** p<0.05,

*** p<0.01.
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Table OA.33 shows that relative to mature firms, young firms tend to add and retain products
that are more distant from their existing product portfolio. Results are also consistent with

industry-based proximity.
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OA.D.11 Discussion on Product-Firm Expertise Estimation

One alternation of the expertise estimation is to use product-year and firm-year fixed effects as

follows, instead of controlling for the time-varying firm and industry characteristics:

Yipjt = Oip + Xipjty + Opt + dit + €ipjt, (OA.D.8)

where §,; is a product-year fixed effect, and ¢;; is a firm-year fixed effect.

dp¢ controls for product specific characteristics as well as product-year specific shocks. Again,
this is because each product is subject to different production technology or demand structure.
Therefore, it is possible that there are several other effects affecting the value of shipment,
attributed to product-year specific technology or demand shocks.

In a similar fashion, firms or entrepreneurs have different base sets of available resources
or ability to manufacture products (i.e. a financing constraint, customer capital, brand values,
and marketing resources, etc.). The value of shipment for each product can also be influenced
by these firm-level properties. Furthermore, any types of industry-specific characteristics that
can give a substantial impact on the total value of shipment are absorbed by the firm-year fixed
effect. Therefore, equation (OA.D.8) could be one alternative of the baseline quality estimation
in (3.40).

However, estimation based on (OA.D.8) faces several limitations due to the inclusion of mul-
tiple fixed effects. In particular, estimating firm-product and firm-year fixed effects simultane-
ously leads to the exclusion of a non-negligible portion of the sample, as some products appear
in only one firm or some firms produce only a single product in a given year. Therefore, an al-
ternative approach is to replace the firm-year fixed effect §;; with an extensive set of firm-level
controls X;;;, which is our baseline specification (3.40).

Alternatively, we could implement an AKM-style specification (Abowd et al., 1999) and esti-
mate the firm-product match quality by taking the time average of the residuals. These specifi-

cations include

Yipjt = Xipjey + Opt + Git + €ipjt (0A.D.9)

Yipjt = Xipjt’}q + Xijt'72 + Xpt’)/3 + 5p + 51 + (St + Eipjt (OA.D.lO)
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Yipjt = Xipjt11 + Xijtye + Opt + 0i + 0 + €ipj- (OA.D.11)

A critical limitation of this approach is the lack of clarity regarding what the time-varying resid-
uals capture, and whether their average offers a more accurate measure of firm-product match

quality than the baseline model.
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