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OA.A Theory Proofs

OA.A.1 Proof of Lemma 1

Proof. Fix true expertise 6;,, an observation window of length 7, and its processing path. All ex-
pectations average over potential signal histories without conditioning on product retention. From

(2.3)-(2.4), the posterior mean is normal conditional on true expertise, with
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Conditional independence of the signal errors gives the variance, with the last equality following
from (2.4). Holding earlier processing fixed, 8&§pt /Oy = —(6242m)2 /o2 < 0, which establishes both

bias comparisons. The same conclusion holds for lower cumulative processing at fixed tenure. [J

OA.A.2 Destination-Product Assignment

From firm age two onward, the exclusion set contains n; distinct associated markets: each occupied
line’s current product and each vacant line’s latest destination. Dropping preserves the associated
market until search. Distinct draws outside the exclusion set preserve this property: occupied lines
keep their old market after failure, whereas vacant lines record the new draw regardless of success.
At the startup’s first search, only its initial product is excluded; conditional on retention, all initially
vacant lines receive distinct destinations, establishing the property from age two onward.

Fix J;, > 1 searching lines. Since J;, < n; < |N/2|, the N — n, feasible destinations suffice for
every combination of search decisions. Draw J, destinations uniformly without replacement and
assign them uniformly across searching lines. A feasible destination p’ is selected with probability
J5 /(N —n;) and, conditional on selection, assigned to a particular searching line with probability

1/J;,. Therefore,

S JE 1 1
Pr(p), = p’ | the feasible destination set, k searches) = N itni 7 =N (OA.A.3)

Independent search success then gives adoption probability /(N —n;). For the startup’s first search,
the same argument replaces N — n; by N — 1.

Symmetric markets and the common-prior reset give every feasible destination the same expected



adoption value, so other lines’ search decisions do not affect the focal line’s expected search payoff.

OA.A.3 Threshold Properties

Consider the separable product-line problem. Maintain 0 < 8 < 1,0<d < 1,0 <z < 1,n > 1,
z; >0, f°, f* > 0, positive finite prior and signal variances, and nonnegative signal precisions finite
at each age. Aggregate prices and quantities are positive, symmetric, and stationary, while firm age
and information processing follow their prescribed paths. We use the prior-reset and endogenous-
exit payoff conventions in Section 2.3.7.

The argument follows the recursive verification and monotonicity methods of Stokey and Lucas Jr
(1989, Theorem 9.2 and Section 9.2), with an explicit payoff bound for unbounded returns. Thresh-
olds follow from value matching and strict crossing, using the logic of Stokey (2009, Section 6.2) in

the present discrete-time setting.

OA.A.3.1 Monotonicity and Single Crossing

Lemma OA.1 (Monotonicity and Single Crossing). At fixed product tenure and firm-level states,
Vi?‘g(é,r) and V$*(A,7) are continuous and strictly increasing in 0, and Vi (0, 7) is continuous and
weakly increasing. The differences Vi*(6,7) — V35(0) and V;**(8,7) — V,5*(9,7) are continuous and

strictly increasing.

Proof. Payoff bound. Use the posterior moment

A _ - - 1)
Hi(0,7) = E[0;) b Zipt] = exp {(77 - 1)+ (772)01'2271?} :

The law of iterated expectations gives

EitH;i1(0', 7+ 1) = Hy (6, 7) (OA.A.4)

under retention. Since B}, < exp{(n — 1)?¢%/(2n)} H;;, there is a finite constant K, independent of

firm age, such that
0< fit+1(é,T) +wtf0 < KHit(é,T), ’ﬁit—i-l(éﬂ-” < KHit(é,T) +’wtf0. (OAAS)

Search costs are bounded. A replacement resets the moment to H? = exp{(n—1)fo + (n—1)%03/2}.



Under any history-dependent policy, retention contributes at most the current nonnegative moment
in expectation, and each replacement adds at most H°. Assigning moment zero to a vacancy, the

expected moment after j transitions is therefore bounded by H;; + jH". For a finite K’,

sup  [E;[absolute discounted payoffs from period ¢ + 7T
feasible policies

o0 (OA.A.6)
<K'y @ [1 + Hy(0,7) + (G + 1)H0} 0.

j=T
For this bound, the assigned payoff at endogenous exit is represented by the vacant-line continuation
problem to which it is equal. It introduces no additional primitive payment into that continuation
problem.

Consequently, zero-terminal finite-horizon values converge to the value of the infinite-horizon
problem, uniformly on compact belief sets. The same bound gives value growth at most proportional
to 1+ Hj;, uniformly in age, and bounds vacant-line values uniformly. Expected discounted terminal
values vanish under every feasible policy. Finite action sets and continuous action values permit a
measurable maximizing rule, so Bellman verification selects the value in this growth class.

Preservation and strict crossing. At fixed tenure and firm states, the next posterior mean equals
the current mean plus a mean-independent Gaussian innovation. Using the same innovation for
two current means preserves their ordering. Backward induction therefore preserves weak mono-
tonicity of the value. Gaussian integration with the payoff bound preserves continuity. Strictly
increasing current profits make the no-search branch strictly increasing; its weight 1 — x > 0 makes
the continue-and-search branch strictly increasing as well. Compact-uniform convergence and the
limiting Bellman equations establish these properties at the infinite horizon. Finally, the branch

equations give

(0,7 = Vi) = (1 =) [V (0,7) = B(L = 9)Vi, (0)] (0AA7)
20, 7) = Vi (0.7) = wif* + [V (0,7) - Vi (8°,0)] (OAA8)
Both differences are continuous and strictly increasing in 6. O



OA.A.3.2 Proof of Proposition 1

Proof. The lower endpoint. Suppose (2.18) holds along the future age path. Since dropping is feasi-
ble, V;s > V;%*(9). Subtracting vacancy value from each action, and using V;#*(0) > B(1—6)V,% (),

gives

0 < Vis(0,7) — V(0) < BK Hys(0,7)

B0 = OB [Visra (0 7+ 1) = Vi, (0)]

Iterate this inequality along the same product’s retained-belief process. The martingale property

(OA.A.4) and the value-growth bound make the discounted remainder vanish, yielding

~ BK A
<V _ yds < —  H.: . AL
0<Va0,7) = Vis"(0) < g —gy Hu 0 7) (OA.A.9)
The no-search equation and (OA.A.4) now imply
dim V70, 7) = —Buw fO+ B(L— 8) Vi (D). (OA.A.10)

6——o0

Thus the low-belief behavior follows from the vacancy ordering and positive operating costs; it
requires no separate assumption.

Two ordered value levels. Equations (OA.A.7)—(OA.A.8) show that the cutoff equations are

B0 (r),7) = B = Vit (D),

ns (ncs ns(p w fs
Vie* (0% (1), 7) = Vi (9070) - tT
The vacancy equation gives their difference:
N S Vds @ _ 1 _ 5 Vds @
Vi (6°,0) — —w;f — B(1 =)V (0) = — 0 B(x Wien®) (OA.A.11)

Both levels exceed (OA.A.10). The no-search value tends to infinity as 0 — oo, because profits di-
verge and continuation value is bounded below by vacancy value. Lemma OA.1 and the intermediate
value theorem therefore give two unique finite, strictly ordered roots. The signs in (OA.A.7) and
(OA.A.8) establish the stated action regions. The strictly increasing map Bj (6, 7) transfers existence,

uniqueness, and ordering to the demand cutoffs. O



The proof only needs weak vacancy ordering at future dates and strict ordering at the current

date. Whenever both pairwise roots exist, (OA.A.11) also establishes the exact equivalence
055 (1) > 02 (1) = ViEO) > 81— )V (0).

With constant processing and stationary line-level primitives, vacancy value is independent of firm
age, so this inequality reduces to V4*()) > 0. With age dependence, positivity alone does not order

current and discounted future vacancy values.
A primitive sufficient condition. The following inequality implies (2.18) at every incumbent age:
Brir1(6°,0) > [1 — B(1 —6)(1 — )] we f°. (OA.A.12)

Prior expected operating profit is given explicitly by (2.10) and (2.8). At stationary aggregates it is
independent of firm age. Thus this is a sufficient condition on primitives and given aggregate prices,

allowing any deterministic information-processing path.

Proof of sufficiency. Since V1 > V5,1, (OA.A.7) and the no-search equation imply

Vis(0,7) — B(1— 6V 1 (0)
> BT (0,7) + B(1 — 8)(1 — 2)Ey VJ@L(@/, T+1)—B(1- 5)‘/;‘%12(@)} :

This inequality holds without assuming vacancy ordering. Under p = 0, the retained-product de-
mand term satisfies EisBmﬂ(é’ T+ 1) = Bis(é, 7). Expected profit is convex in this demand term
because n > 1. Consequently, Jensen’s inequality implies that expected operating profit along the
original product’s learning process is at least its initial expected operating profit. Iterate the dis-
played inequality from the common prior. The value-growth bound makes the remainder vanish

and gives

j T éo, 0
00 - 50 - Vi) > R

The vacant-line Bellman equation then yields

- wtfs > 0.

ds ds 5$ﬁit+1(é07 0)
Vi (0) = B - )V (0) 2 gt

The argument applies at every incumbent age. Uniform boundedness of vacancy values also implies

6



that iteration of this strictly positive difference gives V() > 0. O
The drop margin. Substituting the no-search equation into drop value matching gives

Tirp1 (0 (1), 7) = —(1 = 0) Bt | Vigsr (0,7 + 1) — V2, (0)| <0, (OA.A.13)

1y

with the expectation evaluated at the drop cutoff. The firm retains an incumbent partly for its
continuation surplus over a vacancy, so the drop threshold is weakly below the static break-even
threshold. With the maintained nondegenerate Gaussian transition, the surplus is positive with

positive probability and the inequality is strict.

Product values and expected demand. At the search margin a new product has a higher no-search
value than the incumbent, by w, f*/x. Values also incorporate uncertainty and future learning, so

this comparison need not rank their current demand terms. Equation (2.8) gives

) cs Hes n- 1 5
Bu(0",0)> Bif(1) = 03 (r) <o+ = (o0 —51)

2

For positive tenure, 67, < 0§, SO 0 (1) < 6y is sufficient. Adopting the new product resets its beliefs

and tenure, not the firm’s information processing.

OA.A.4 Product-Line Separability and Additive Firm Value

Proof of Lemma 2 and Proposition 2. Fix a;; > 2 and the common firm-level states. Under the learn-
ing specification and prescribed processing path, each line’s conditional profit and belief transition
depend only on its own state. Appendix OA.A.2 establishes that every subset of searching lines is
feasible and each line’s expected replacement payoff is independent of other lines’ states and choices.

Use the sum of the product-line values in (2.12)-(2.15) as a candidate firm value. For any tuple
of decisions retaining at least one product, additive payoffs and linearity of expectation give the sum
of the corresponding line-level action values. If all active products are dropped, payoff equivalence
gives n;V4(()), again the sum of the line-level drop values. Maximizing each occupied line’s value,
with each vacant line contributing V;4*(()), therefore maximizes firm value.

The candidate satisfies the firm’s Bellman equation and exit payoffs. The single-line bound
(OA.A.6), summed over n; lines, makes discounted expected terminal values vanish and bounds

omitted continuation payoffs uniformly over feasible policies. Iterating the Bellman inequality



bounds every policy’s value above by the candidate sum, which the maximizing line policies attain.
This verifies the sum and both results. At age one, initially vacant lines receive zero upon exit, so

the startup instead uses (2.20). O

OA.A.5 Product-Line Distribution

The exact firm transition in (2.30) tracks joint portfolios. For computation, we approximate the
joint distribution of belief, tenure, and vacancy states by the product of their common marginals
conditional on firm age and types. This determines whether a dropped or vacant line has another
active line and hence reaches search. This distributional approximation does not follow from value
separability.

For computation, we extend ., to include vacant lines. The measure upt(é, 7, a) denotes the mass
of active product lines associated with market p, while 11,:(0), @) denotes the mass of vacant lines
whose most recent search destination is p. Initially vacant lines of age-zero startups have not yet
drawn a destination and are therefore handled directly in their first search. To simplify notation, the
firm-level states (1, p, m) are suppressed throughout this section; all measures, transition densities,
and policy regions are understood to be conditional on their appropriate values. We retain age
explicitly because the transition differs for new entrants, age-one startups, and older incumbents.
Dependence on ¢ is shown when scope n(y) enters directly. We write g(¢’ | 6, 7, a) for the transition

density of the posterior mean from a line with state (4,7, a).

Approximate portfolio-continuation probability. For incumbent firms transitioning to age a’ >
2, let q? ',1(a’) denote the marginal probability that a non-focal product line is vacant after product-
drop decisions and before search. Define the normalized product-line distribution conditional on

the suppressed firm-level states by

— - pqt(0, a)
K (Q), a’) = A 5’
" pgr(0.0) + Y20 Ji Hat(0, 7, a)dd
and )
— A 0,7,a
ﬁqt(gv 7—7 CL) = Mqt( )

pat(D,a) + s Ji 1t (0,7, a)dd



Normalize only age and type cells with positive mass. Thus,

Q?—&—l(a/) = ﬁz [,U«qt +Z/ / ].Rds T+ 1, CL)

a#p 720

x g(0"] 0,7,d — 1)Fig,(0,7,a — 1)db dé’] . (OA.A.14)

The first term captures lines already vacant before the current product-drop decisions, while the
second captures active lines whose products are dropped.
Under this approximation, the other lines are independently vacant with probability q? ' (a)),

regardless of the focal state, so
a > 2. (OA.A.15)

Thus, pf,,(a’) approximates the probability that all non-focal lines are vacant immediately after
product-drop decisions. If the focal line is vacant or is itself dropped, 1 — p7_ ;(a’) is the probability
that at least one other line remains active and the firm reaches the search stage. No adjustment is
required for a focal line in R{7,, since its current product remains active through search.

The first adjustment decision of a startup is treated separately. Let R}'*F, R;"¢, and R{f denote
the corresponding age-one decision regions for its initial product. For an initially vacant focal line,
all non-focal lines are vacant after the drop stage if and only if the startup drops its initial product.
Hence,

piuy(1) = /R Lpaes (0,1, 1)g(8' | 8°,0,0)d6 (OA.A.16)
Therefore, 1—pf, (1) is the probability that the initial product is retained and the startup reaches the
search stage. Unlike (OA.A.15), (OA.A.16) is exact and does not use the conditional-independence

approximation.

Continuing product lines. For incumbent product lines transitioning to age o’ > 1, a line with
tenure 7 at the end of period ¢ remains active in the same market with tenure = + 1 if it does not

search or if it searches while retaining its product and the search fails:

it (07 +1,0) = (1= ) [Trps, (0,7 + 1,0') + (1= @)1y, (0,7 + 1,



X / g0 6, 7,d —V)ppe(8,7,a" —1)d6. (OA.A.17)
R
For the initial product of a startup transitioning to age one,

ppt (01,1) = (1= 6) Lo (8,1,1) + (1 = ) Lee (¢, 1,1)]

x g(0' | 6°,0,0)1,:(6°,0,0). (OA.A.18)

Newly assigned products. For an incumbent firm transitioning to age ¢’ > 1, successful search

resets the product state to (éo, 0). The resulting inflow into market p is

Z/R/R[].Rgil(é/,T-i-l,a/)

720

~ X
/J’p,t+1(00707a/) = (1 - 5)]\7 1 Z {

q#p

+ (1 — pf+1(a')) 1R§L(é/’ T+ 1, a’)}g(é' | é, 7,0 — 1)uqt(é, 7,4 — 1)d9 df’

+ (1 - pte+1(a,)) pqe(0,a" — 1)} (OA.A.19)

An active focal line in R¢3, reaches search because its existing product is retained. A line in R | or
an already-vacant line searches only if at least one non-focal line remains active, yielding the factor
1—piya(d).

For startups transitioning to age one, successful search comes either from the initial active line in
Ry}1 or from one of the n(y) — 1 initially vacant lines, which search only when the initial product

is retained:

N T ~ A oA A
Mp,t+1(90707 1) = (1 - 5) 1 Z [/I‘Q 17?,;1’16(0/7 17 1)9(9/ | 007070>d0/
q#p

+(n(p) — 1) (1 - pia(1)) ] 1qt(6°,0,0). (OA.A.20)
If the initial product lies in Rfjf , the startup exits before any search takes place.
New operating startups enter at age zero with their initial products at the common prior. Restoring

(¢, m) explicitly for this inflow,

M¢ ho () hum(m | @3 mo,t+1)1{¢zg§+l}
N 1— H@(£§+1)

fip.e+1(6°,0,0,0,m) = (OA.A.21)
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where h, and hy,, (- | ¢;mo,¢11) are the densities associated with H, and H,,, respectively, and M,
denotes the mass of operating entrants. The denominator conditions the entrant type distribution on

the operating decision. The corresponding gross mass of startups making the pre-entry investment

is M, /[1 Hcp(ffﬂ)]-

Destination probabilities. For a line associated with market ¢, symmetry makes any p # ¢ feasible
with probability [N — n(y¢)]/(N — 1). By Appendix OA.A.2, its assignment probability conditional
on feasibility is 1/[N — n(y)]. Thus the unconditional probability is

N —n(p) 1 1
N—-1 N-n(p) N-1

At the startup’s first search, excluding only its initial market gives the same probability directly.

Vacant product lines. For incumbent firms transitioning to age «’ > 1, the mass of vacant lines

associated with market p evolves according to

! 1-—
ppe+1(0,a") = (1 — 5)N _901 Z (1 Piyi(a [
q#p

Z//]-thil 6,7’4‘1,(1’)

>0

o0 10,70 — Vpaon(Bmal — V) + oy (Do — 1>]  oaA22)

The first term inside the brackets captures active lines whose products are dropped and whose
subsequent searches fail, while the second captures lines already vacant whose searches fail. Both
require the firm to reach the search stage.

For startups transitioning to age one,

— X

e (0,1) = (1= 8) =

> (nlp) = 1) (1= pfa(1)) pge(6°,0,0). (OA.A.23)
q#p

This term captures unsuccessful searches by the startup’s initially vacant lines conditional on reten-
tion of its initial product. If the initial product is dropped, the startup exits before search. There are
no market-specific vacant lines at age zero.

In stationary equilibrium, these laws of motion satisfy ), ;11 = ppr = p,, for every product market

11



OA.A.6 Aggregate Search Costs and Price-Index Derivation

Search costs using product-line measures. Applying the portfolio-continuation approximation
in Appendix OA.A.5, search costs are as follows; (2.34) gives the exact firm-measure expression.

The suppressed states (v, ¢, m) are integrated over.

s =(1- [ZZ// ]_Rcee T+1l,a+1)+ [1_pt(a+1)]1nde(9 T+1, a—i—l)}

a>171>0

x g0 |0, a)um_l(é, 7,a)d0 df’ + Z 1 —pf(a+1)] pps—1(0,a)

a>1

+ /R {173?5’6 (é,’ 1,1) + [n(p) — 1] 1R?S’EUR§S’E (éla L, 1)}

g(0"16°,0,0)pp,-1(6°,0, O)dé’] : (OA.A.24)

The first term counts searches by active incumbent lines, the second searches by incumbent vacant
lines, and the third searches by age-one startups. In the startup term, the first component corre-
sponds to search by the initial active line, while the second counts searches by its n(¢) — 1 initially

ds,e

vacant lines. If the initial product lies in R, the startup exits before any search. The factor 1 — §

reflects that search occurs only after the exogenous death shock.

Product-level price index. For a line with end-of-period-t — 1 state &, substitute (2.9) into the CES

price index and use IE[ it D/ | €] = B(&):

Pplt 7= /XE[Gzpt pzpt77 | 5} Hop,t— 1(d¢€)

= (nilwt> 1_”/ (@»Zo)n_lg(f)n_lE[GEpt i | 5] fip,t—1(d€)

1-n
( T t> /B 2(0320)" pp -1 (dE).

Taking the power 1/(1 — n) yields (2.36). Substituting this index into variable labor demand gives

1/(n-1)
Cpt = Lt [/ B(£)"z(; 20)" Np,t—l(df) .

Symmetry and labor-market clearing then give (2.37).

12



OA.A.7 Proof of Proposition 3

Proof. Fix true expertise, the observation window, the processing path, and aggregate prices and

quantities. Write 62 = &?p ,_1- Expectations average over potential signal histories without condi-
tioning on retention. When permanent expertise is known, the predictive demand term is Bgf =
01(2_1)/ Texp{(n — 1)%02/(2n?)}. Taking the ratio of optimal quantities in (2.7) establishes (2.38);

substituting (2.8) yields

W#}.

1 — wipt = exp {(77 — 1) (ips—1 — log O;p) + 2

By (OA.A.1)—-(0OA.A.2), éim_l is conditionally normal. Its exponential moment gives

—1)6? —1 1
log E[1 — wipe | bip] = u {90 —log 6;p + nT [(1 + ) 08 — AQ] } . (OA.A.25)
op n

For 5% > 0, the expected wedge is positive precisely when the term in braces is negative, establishing

(2.39). Lower processing increases 62 and lowers the cutoff. Moreover,

aE[Wipt | in] n—1

n—1 1 .
952 = 0_(2] E[l — Wipt | Hlp] {logGip —(90 — T |:<1 + n) 0.(2] _20_2:| }

Under (2.39), the term in braces exceeds (n—1)52/2 > 0, so lower processing increases the expected

wedge wherever it is positive. O

OA.A.8 Convexity and the Value of Further Learning

We maintain the product-line assumptions of Proposition 1, at firm ages two and above, and hold
aggregate prices and quantities fixed. The wage is normalized to one, d = (1 — §) € (0,1), and
0 < z < 1. The prior variance o3 and observation-noise variance o2 are positive and finite, n > 1,
and processing is nonnegative and finite at every finite age. Firm age and the prescribed processing
path may continue to change. We write the value functions in demand units, retaining the prior

reset and the assigned vacant-line value at endogenous exit used in the main text.

Lemma OA.2 (Convexity and the Value of Further Learning). At fixed tenure and firm states, the
product-line value is continuous, weakly increasing, and convex in the demand term BB. The value of
retaining without search is strictly increasing and strictly convex. Holding the current demand term

and future value function fixed, a larger variance of the next belief update raises expected continuation

13



value.

Proof. Put o = (n — 1)/n. For a retained product, normal updating gives
B' = Bexp{ay/v] u — o*v] /2}, vy = &gpt - &?p,tﬂ, u~ N(0,1). (OA.A.26)

Thus E;B’ = B. Expected operating profit is

= (77 — 1)17_1 n—1
7T2't+1(8, Zz) = A(Zz)Bn — fo, A(Zz) = 71377021- > 0. (OA.A.27)

0
It is strictly increasing and strictly convex in B > 0.

First consider finitely many decision dates and zero continuation thereafter. For each observation,
next period’s demand term is a positive multiple of the current term, so expectation preserves an in-
creasing, convex continuation value. Adding current expected operating profit makes the no-search
value strictly increasing and strictly convex. The continue-and-search value is a positive weighted
sum of no-search values, less the search cost, and the drop-and-search value does not depend on the
existing product’s demand. Taking the maximum preserves monotonicity and convexity. Backward
induction gives the asserted properties for every finite horizon.

The payoff bound in the proof of Proposition 1 justifies passage to infinitely many dates. For
clarity, the moment used there is Hy; = exp{(n— 1)t + (1 — 1)2&§pt /2}. Its conditional expectation
is unchanged under retention; a new product starts at the finite prior value H°. Absolute operating

and search payoffs are bounded by a constant times 1 + H;;, and there are at most ;j additional

product starts by date ¢ + j. For a finite constant K, independent of the policy and horizon,

sup  [E;[absolute discounted payoffs from date ¢ + 7" onward|
feasible policies

o (OA.A.28)
<K B(1+Hy+jH") — 0.
j=T

The bound is uniform on compact sets of the current state. Consequently, the finite-horizon values
converge to the infinite-horizon values, preserving continuity, monotonicity, and convexity. Strict
convexity and the strictly positive demand derivative of the no-search value follow from current
expected profits. This is the recursive approximation argument of Stokey and Lucas Jr (1989, Sec-
tions 9.1 and 9.4).

Finally, a larger v; multiplies the lower-variance demand transition by an independent lognormal

14



variable with mean one. Conditional Jensen’s inequality therefore raises the expectation of every
convex continuation value, as in Stokey (2009, Theorem 4.1). The increase is strict when the con-
tinuation is strictly convex on a set reached with positive probability. Here sufficiently high demand
leads to retaining without search, where strict convexity holds, and the lognormal transition has

positive density throughout (0, co). O

OA.A.9 Proof of Proposition 4

The information-processing comparison changes accumulated precision while holding future pro-
cessing fixed. The productivity comparison changes z; holding the entire processing path fixed, and
the tenure comparison changes the observation history at the same firm age. We establish finite in-
formation and tenure comparisons directly and report derivative signs where the relevant derivatives

exist.

OA.A.9.1 Value matching

Suppressing the firm index on the auxiliary values, let D; = V,%*(()). The three choice-specific values

satisfy

(B, 7) = B 1(B, zi) + dE Vi (B, 7+ 1), (OA.A.29)
VE(B.r) = " + (1 = )V (Bor) + Vi (8,0, (0AA30)
D; = —fs + ;L“/,L?S(BO, 0) =+ (1 — .I‘)th.J,_l. (OA.A.31)

New products begin at the common prior; their tenure resets, but firm age does not. Define

UB,7) = V*(B,7) — dDy 1, (OA.A.32)

AY = U (B°,0) — f*/x = (D; — dDy11) /. (OA.A.33)
Since V¢ — Dy = (1 — z)U, and V?»* — V< = x(U, — AY), the two threshold equations are
it it it t q

Uy(BE, 1) =0,  UBS,7)=A). (OA.A.34)
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It is useful to write the value above dropping and searching as
Fy(B,7) = Vie(B, ) — Dy = max{U;(B,7) — zA}, (1 — 2)U;(B, 1), 0}. (OA.A.35)

Then
Ut(B, T) = ﬁﬁiﬁ_l(b’, Zi) + dEtFt—i—l (B/, T+ 1) (OAA36)

The maximum defining F; is increasing in U;, decreasing in A}, and changes by at most the change

in U;. It is convex in demand by Lemma OA.2. At differentiability points, U; 5 > B.A(z;)nB7~1 > 0.

OA.A.9.2 Inherited information and product tenure

Maintain the common product-line assumptions and the definitions of d, D;, U;, and A} above. Firm
age, productivity, aggregate prices, and the search technology are held fixed in the comparisons
below. The common future processing path may vary with age. The proof compares finite horizons
and shows that the expected contribution of sufficiently distant payoffs vanishes, as in Stokey and
Lucas Jr (1989, Sections 9.1 and 9.4), and the convexity implication of the martingale property in

Stokey (2009, Theorem 4.1).

Lemma OA.3 (Inherited information with common future processing). Consider two information

~2,H ~2,L

Tipt < Ot and

histories, H and L, at the same firm age and positive product tenure. Suppose that &
that processing is identical at every date after t. Then U (B, 7) < UF(B, 7) for every B > 0, and both

the drop and search thresholds are strictly higher under H.

Proof. For an existing product retained through date ¢ + j, Bayesian updating gives

29 - 1 <
(629.) =62+ + 3> (L4 dik). g€ {H L} (OA.A.37)
€ k=1

2L L .
The sum is common across histories. Thus Ulp 15 < Oppii; At every finite j. Moreover, the variance
of the next posterior-mean innovation is
229 \2
T+5,9 _ 22,9 ~2,9 (1 +¢Z t+]+1)( zp,t+]) (0OA.A.38)
Vi = Oipittj — Tipt+j+1 = A

02+ (1+ity;11)6, o

The last expression is strictly increasing in the current posterior variance. Consequently,

T+3,H T+3,L

0<Ut+j <

at every date before replacement.
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A new product begins at the common prior, receives its first observation the following period,
and thereafter faces the common future processing path. Its value is therefore the same under both
histories. The same is true of a vacant line. In particular,

V,H V,L .
ng - DtL—i—j7 AtJrj = Atﬂ, j > 0. (OA.A.39)

Let o« = (n — 1)/n. The demand transition for a retained product is

2, 7+7.9

- oyl
B = Bexp {a\/vﬁrjﬁ’g U — ;ﬂ} , u~ N(0,1). (OA.A.40)

Hence the transition under L is distributed as the transition under H multiplied by an independent,

T+5,L T+5,H

mean-one lognormal random variable with log variance o (v, I M

). Conditional Jensen’s
inequality orders the expectation of every integrable convex function of 5'.

To apply this comparison to the infinite-horizon value, first truncate the U recursion after n
retained-product transitions, use zero as its terminal value, and keep the common actual values
of Afﬂ- at intermediate dates. At the terminal date the two truncated values coincide. Suppose
that the H continuation is no larger than the L continuation. The maximum in the U recursion is
increasing in U, and the maximum for the L continuation is convex in demand. Replacing the H
continuation by the L continuation weakly raises its expectation; replacing the H innovation vari-
ance by the L innovation variance raises it again by conditional Jensen’s inequality. Current profits
coincide at a fixed demand term. Backward induction therefore orders the truncated values at every
date.

This ordering passes to the infinite horizon. The maximum in the U recursion is 1-Lipschitz in U.
Consequently, the difference between the actual value and its truncated recursion is at most d" times
the expected absolute terminal value along the hypothetical path on which the existing product is
always retained. The payoff bound used for Proposition 1 gives a constant C' < oo, independent of
the truncation date, such that this error is at most Cd"E;[1 + B} ', »]. Along that path,

—1a? — a2
E,B,, = B exp {”(”2)0‘ (&fz;f — 63 +n) } < Blexp {’7(’72)0“’0} . (OA.A.41)

Since d < 1, the truncation error vanishes. Thus U (B, 7) < UX(B, 7).
The inequality is strict. Use the continuation value F/;, defined in (OA.A.35), with next-period

tenure understood. For sufficiently large B, no search is optimal and F/;, = UL, — 2A},,. This
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function is strictly convex there because the no-search value is strictly convex. The nondegener-
ate lognormal transition reaches that region with positive probability. Applying strict conditional
Jensen’s inequality to Ftﬁl, while using the weak ordering of the two endogenous continuations,
yields UH (B, 1) < UF(B, 1) for every B > 0. Both values are strictly increasing in demand, and the
two threshold equations have the same right-hand sides, 0 and A} . Their unique solutions therefore

satisfy B > gisL and Bt > Bos O

Information-processing part of Proposition 4. Increase 1;; holding processing at every other date
fixed. For an existing product of positive tenure, current processing enters its inherited precision

with coefficient 1/02. Until replacement,

~ ~ 2
aazzp,tﬂ‘ . (Ui2p,t+j)
= 2 <,
Ot e (OA.A.42)
ST I (62 .)2_(A2 . )2
t+5 02p,t+] Uzp,t+]+1 0 S
=- 5 <0, j=0.
61/11'15 O¢

Replacement opportunities are unchanged: 9, A},

t+j =0 for all ; > 0. Lemma OA.3 gives strict

finite increases in both thresholds.
For the strict derivative signs, consider a positive increment in 1;; and freeze the next-period
continuation at its value before the increment. The endogenous continuation after the increment is
weakly lower by Lemma OA.3. The increase in the current value is therefore bounded above by the
effect of the smaller current innovation variance on the frozen continuation. This latter effect has a
strictly negative derivative. To see this directly, let F' denote that convex continuation and p,(y | B)

the density in (OA.A.40). Gaussian differentiation and integration by parts give
0 _«

SE,F(B) = 5

3 / Yooy | B) F"(dy) > 0. (0OA.A.43)
v 0

Here I is the nonnegative second-derivative measure of the convex function F'; the formula also
covers its kinks. The bound on expected payoffs and the finite moments of the lognormal demand
term justify differentiation. Strict positivity follows from strict convexity in the no-search region and
the positive transition density there. Combining (OA.A.43) with (OA.A.42) gives a strictly negative
upper right difference quotient for U;. Thus, wherever the parameter derivative exists, Uy 4, (B, T) <
0.

At points where the threshold functions are differentiable, their defining equations and U, 5 > 0
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imply

aBgt _ Utpue (Bjt7 7)

3

i Up(B,7)

> 0, J € {ds,cs}. (OA.A.44)

The argument conditions on the entire future processing path; it requires neither a stationary future

nor a restriction on the effective horizon beyond d < 1. O

Product-tenure part of Proposition 4. Fix firm age and the complete processing path, and compare
two feasible product tenures, 7 and 7 + 1. The longer-tenure product has the additional observation

dated ¢ — 7. Accordingly,
1 IR T e
&?pt (T + 1) 6$pt (T) 062

> 0. (OA.A.45)

The two products face identical future processing and replacement opportunities. The proof of
Lemma OA.3 depends on tenure only through inherited precision, and therefore applies to these
two states. It gives U,(B,7 + 1) < Uy(B, 1) at every fixed B > 0. The unique solutions to the two

threshold equations satisfy
Bi(r+1) > Bf(r),  Bi(r+1)>Bj(r). (OA.A.46)

O]

These comparisons also raise the thresholds expressed in posterior-mean units. Inverting the
demand term gives
_ log B, «

01, = - 5(a-,2pt+(;§), j € {ds,cs}. (OA.A.47)

In each comparison the demand threshold rises and posterior variance falls, so both terms increase

the posterior-mean threshold.

OA.A.9.3 Productivity and expected fixed costs

Hold the information-processing history and future path, product scope, search technology, fixed
costs, and aggregate prices and quantities fixed. Normalize the wage to one and put d = (1 — J).
The comparisons below apply to the ordinary product-line decisions and use the maintained vacant-

line continuation value at endogenous firm exit.

Policy costs and the productivity envelope. Let u specify product-switching decisions and the

decisions used to evaluate the assigned vacant-line continuation at endogenous exit. For initial
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decision j € {ns,ds}, let I/, , indicate production determined at date ¢ + ¢, and let I}/, indicate

search at that date. Its expected discounted fixed-cost burden is

K3 (B, 7) = BI* i d [BfOI . + £ (OA.A.48)
=0

The sum follows the product line through subsequent product replacements. The indicators are

evaluated conditional on no exogenous exit before the corresponding decision date; the factor d*

already includes that survival probability. At endogenous firm exit, the cost burden includes the

fixed-cost component of the assigned vacant-line continuation. Equivalently, if 7 is the number of

decision dates until that exit, the sum in (OA.A.48) can be stopped before 7 and augmented by

H{T < co}d” K2k

Thus the accounting uses the same continuation convention as V" and V4,

The factor 8 on f° reflects next-period production, whereas search is paid for at the current
decision date. Initial no search therefore incurs 3 f°, while initial drop and search incurs f*+z/5f° in
expectation. Subsequent decision dates are discounted by d. In particular, the expected discounted

fixed costs from date ¢ + T onward are bounded under every policy by

o s dT
B+ (OA.A.49)
1—d
After optimizing production quantities, a fixed policy has value
Vi = =1l — K (OAAS50

where gg’;g‘t is the expected discounted sum of gross operating payoffs, divided by z?_l. Gross op-
erating payoffs are revenues less variable production costs, including the same component of the
assigned vacant-line continuation. The policy space and both coefficients are independent of z;
under the stated comparison. Let ICgt denote (OA.A.48) under an optimal continuation for initial
decision j. At regular parameter values, the envelope theorem gives

o1 Vit = Vi H K (OA.A.51)

The derivative identity applies where the values are differentiable. On a compact productivity in-
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terval, the derivative of a fixed policy’s gross operating payoffs is bounded by a constant times those
payoffs. Thus (OA.A.28) also makes the expected contribution of distant payoff derivatives vanish.
Future demand is continuously distributed, so switching indifferences occur with probability zero;
changing optimal decisions adds no term to the envelope identity. Together with (OA.A.49), these

bounds justify using the identity in the infinite-horizon problem.
Exact threshold derivatives. Use
U,(B,7) = Vi#*(B,7) —dDyy1, A} =Uy(B°,0) — 5/,

where D; = V45(()). Applying (OA.A.51) and differentiating U;(B%*,7) = 0 and U(B5,7) = AY

gives
o d’CdS — Kns Bds
5,58 = 1= 120en L (Bl 7). (OA.A.52)
Zi Us(B, )
n—1f°/z+Kp*(B%0) — Ki*(BF, )
9 Bi = . (OA.A.53)
! Zi Us(B5, 7)
Consequently, the respective strict cost orderings are
K3 (B, 1) > dKds, (OA.A.54)
KBS, ) — K#(B°,0) < f5/x. (OA.A.55)

They imply 0,,B% < 0 and 9,85 > 0. When both hold, the distance between the thresholds
increases with productivity.

These inequalities have a direct interpretation in terms of gross operating payoffs at the two
indifference points. At the drop threshold, the common search and successful-replacement terms
cancel, leaving V}* = dD;y;. A larger fixed-cost burden for retaining the product following an
unsuccessful search therefore means greater gross operating payoffs. Higher productivity scales
these payoffs and favors retention, lowering the demand required to retain a product. At the search

threshold,
Vs (B,0) — Vii* (B, m) = f° /.

Condition (OA.A.55) says that the new product has greater gross operating payoffs at this indiffer-

ence point. Higher productivity increases the gain from a successful replacement and raises the
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search threshold.
The cost orderings concern optimal continuations. They are exact local sign conditions at regular
parameter values, not restrictions directly on primitives. Strict finite comparisons follow on produc-

tivity intervals where the corresponding orderings hold at the thresholds throughout the interval.

Uniform primitive sufficient restrictions. The following result gives one simple set of primitive

restrictions for any deterministic information-processing history and future path. Write

= fs
Bre

L=1-d(1-ux), r

Proposition OA.1 (Primitive productivity restrictions). Suppose 0 < d < 1, 0 < x < 1, positive fixed

costs, and the maintained product-line conditions. If

d < T (OA.A.56)

then the separate sufficient restrictions are
"< d;d —  9.B¥ <0, (OA.A.57)
r > de{l ~ ) 0,857 > 0. (OA.A.58)

L
Both signs hold strictly between these bounds, which define a nonempty interval under (OA.A.56).

Proof. Putag =1 — d and C, = B f°. For this proof define
Ji(B,7) = K*(B, 1) —dK&,,  Ep = J(B°,0) + f5/x.

The signs in (OA.A.54)—-(0OA.A.55) require J; > 0 and E; — J; > 0, respectively, at the relevant
thresholds. Differentiating the relative-value recursion, or collecting its fixed-cost terms under each

optimal decision, yields
Jt = Co + dEt [pt+1Jt+1 - xl{ns att + 1}Et+1] y (OAA59)

where p;11 equals 1, 1 — x, or 0 for no search, continue and search, or drop and search. Normalize

ji = Ji/Coand e, = E;/C, = j;(B°,0)+r/x. The three possible next-date contributions in (OA.A.59)
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are
j_xjo_ru (1_:]:)]7 07
where jj refers to a new product at that date. These identities remain valid in a truncated problem

regardless of the sign of its terminal replacement value.

Condition (OA.A.56) is equivalent to ay > dz. Let ro = dz(1 — x)/L. For r > rg, set
j=1/L, j =min{l,j —dr/ao}.

Then j <1< jandj+r/x > j,strictly if r > ro. If j = 1, the latter difference is r /2 — d(1 —z)/L;
otherwise it is r(1/x — d/ag) > 0.

Suppose all next-date normalized costs lie in [j, j]. Their contributions lie in

J—zj—rj-zj—rl, [A-2)j1-2)j, {0}

Adding one after multiplying by d preserves the upper endpoint because 1 + d(1 — z)j = j and

Jj—aj—r < (1—ux)j. It preserves the lower endpoint because

1+d(l’—x5—7‘)—izao(;—dr/ao—i) >0,

14+d(l—z)j—j=1-Lj>0,

and 1 > j. The terminal no-search cost is j = 1, so backward induction gives this invariant interval.

It is valid even if j < 0. For r > o, it yields
et—jt21+r/x—j>0,

which establishes the search sign without imposing an upper bound on r. If also r < ag/(dL), then
J > 0, giving the drop sign.

For r < rp, use instead

—/

j=1 j=0—-dx—dr)/ag >1/L.
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The upper no-search recursion is an equality. The lower one preserves one because
1—aj —r=(ap—dx)(1—z—7)/ag >0,

where r < rg < 1 — x. The other two decisions preserve the interval directly. Hence .J; > C, > 0 for
this cost range too, proving (OA.A.57) without a lower restriction on r.

The finite-horizon bounds pass to infinite-horizon cost envelopes using (OA.A.49) and the bound
on expected payoffs. Alternatively, the original values are suprema of affine functions of z ~1: local
uniform convergence and almost-everywhere envelope differentiation pass the bounds to the limiting
values, and integration gives finite comparisons. Finally, ag > dx > d?x(1 — x) implies

dr(l—x)  ag
L ~dr

so the joint interval is nonempty. O

These are uniform sufficient bounds on future fixed-cost burdens. Their failure does not deter-
mine either threshold’s direction. For example, the reference values d ~ 0.928 and = = 0.335 fail
(OA.A.56), which requires d < 0.7491. Results obtained by making processing constant over time

do not replace this restriction for the general age-dependent model.

OA.A.10 Accumulated Information and Future Learning

Information processing affects product switching through the precision of accumulated information
and the informativeness of future signals. The comparison in Proposition 4 (i) isolates the first chan-
nel. We now hold the current posterior fixed and vary future processing, then combine the two
changes. Changes in replacement opportunities are part of the future learning channel. Through-
out, maintain the product-line assumptions above and hold productivity, aggregate conditions, the
prior, search technology, and fixed costs fixed. Derivative statements apply wherever the relevant

derivatives exist, with right derivatives at zero future processing.
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OA.A.10.1 The two information comparisons

For the complementary future-learning comparison, let processing be constant at ¢ from date ¢ + 1

onward. Write

2 ¢ )
g - o
k=5 =ctr+ Y i, qg=1+1%, c=-5. (OA.A.60)
Tipt s=t—7+1 90

Here k is accumulated precision in units of signal precision; a new product starts at c¢. After j
additional observations, the existing product’s posterior variance is o2 / (k+jq), and its next posterior-

mean innovation has variance

2
0cd j>0. (OA.A.61)

WS Gk G

As above, B' = Bexp{a\/vo(k,q)Z — a?vo(k,q)/2}, witha = (n —1)/n and Z ~ N(0,1).

The accumulated information comparison raises k at a fixed current demand term and common
future processing path. Lemma OA.3 and the derivative argument above establish U, < 0 and
strictly higher thresholds: every subsequent innovation contracts, while replacement opportunities
are unchanged. The future learning comparison instead raises ¢ while holding the current posterior
mean and variance fixed, hence holding both k and B fixed. Each future processing level may be
required to be at least current processing to preserve a nondecreasing age profile. In this comparison,

oZlk? — j(j + 1)¢*]
(k+ @)k + (G + g’

ot
ek k+4+ng)’

J=0

8qvj =
(OA.A.62)

The next innovation becomes more variable, whereas sufficiently distant innovations become less
variable as information accumulates faster. Cumulative learning through every fixed future hori-
zon increases. Thus, the accumulated-information argument cannot simply be reversed for future

learning.

OA.A.10.2 Learning about the existing product and replacement opportunities

Since new products receive their first observations next period, their values depend only on the future

processing level. The vacant-line value is therefore stationary, and A (¢) = (1 — d)D(q)/x > 0. To
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separate the two effects of future learning, treat A > 0 as an independent argument of the relative

retention value:

U(B,k;q,A) = B7(B,2) + dEF (B, k + q; q, A), (OA.A.63)
F(B,k;q,A) = max{U (B, k;q,A) — zA, (1 —2)U(B,k;q,A), 0}. (OA.A.64)

Retaining without search incurs the deduction zA; retaining while searching ends the existing prod-
uct with probability x; dropping ends it immediately. This auxiliary problem isolates learning about
the existing product. It coincides with the actual relative-value recursion when A = A" (¢q), which
satisfies

AY(q) + £ )z = U(B% c;q,AY (q)). (OA.A.65)

The actual thresholds solve

U(B%, k;q,AY (q)) =0,
(OA.A.66)
U(B*, k;q,AY (q)) = AV (q),

with Ug > 87 > 0 at both thresholds.

Lemma OA.4 (The two effects of future learning). At fixed A, higher future processing strictly raises

U; at fixed q, better replacement opportunities strictly lower U. At regular parameter values, define
L= 04U[; A >0, W= —-Ua > 0. (OA.A.67)

These sensitivities depend on the current product state. If I7* indicates that the original product remains

and no search is chosen at date t + j, then

xd

T (OA.A.68)

o0
W=aE) d'I}*, 0<W<
7j=1

The indicator is conditional on survival from exogenous exit, whose probability is included in d’. In the

actual stationary-future problem, replacement opportunities strictly improve:

vV _ 6(8076)
¢ T T W(BY, o)

> 0, (OA.A.69)
where both sensitivities are evaluated at AV (q).

Proof. For qg > qr, add independent noise to the high-precision observations to reproduce the
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low-precision signal sequence. Use the lower-information product decisions and search outcomes,
while choosing quantities with the additional information. The deductions zA, dropping dates, and
replacement probabilities are unchanged, and conditional expected gross operating payoffs weakly
increase. Hence the auxiliary value weakly increases.

The production gain after the first future observation makes the comparison strict. Let

sy = 02/(k + q4) and x = n(n — 1)a?/2 > 0. Conditional on the lower-information posterior,
E[(By)" | Tp] = (BL)" exp{x(sy, — s)}- (OA.A.70)

On the positive-probability event 7(B8;,z) > 0, the lower-information policy retains the existing
product with probability at least 1 — z. Put M = E[(B})"1{m (B ,z) > 0}] > 0. The feasible-policy

gain is at least d3(1 — z).A(z) M {eX(*.=51) — 1}, so its local limit gives

£>dB(1—2)A(z)MY——2— > 0. (OA.A.71)

The payoff bound in (OA.A.28) justifies the same comparison at the infinite horizon.

An increase in A raises the deduction on each future no-search decision while the original product
remains. The envelope theorem yields (OA.A.68); the sum starts at one because today’s action in
U is fixed and carries no such deduction. The bound follows from I7* < 1. A sufficiently high next
demand term leads to no search with positive probability, making W > 0. Future switching ties have
probability zero, and the discounted bound justifies differentiation. For a finite increase Ay > Ay,
using a policy optimal at Ay under Ay, raises its payoff by (Ay — Ar)zEg > 5 @ I?#* > 0. Thus
U strictly decreases without requiring differentiability everywhere.

Differentiating (OA.A.65) gives (1+W(B°, c))A;/ = L(B°, ¢). For finite comparisons, the left side
of the fixed-point equation increases in A, while its right side decreases in A and increases in ¢. Its

solution therefore strictly increases with q. O

Proposition OA.2 (Future learning and product-switching thresholds). Holding the current posterior

fixed, higher stationary future processing changes the thresholds according to

W(B*)AY — £(B%)

ds __

0,8% = D : (OA.A.72)
o EWBEAY - 2B

0,B8° = T . (OA.A.73)
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Each sign is the sign of its numerator. These are exact local conditions on value sensitivities, rather than

primitive restrictions.

Proof. At fixed k, the actual relative-value derivative is dU/dq = L — WA(‘J/. Differentiating

(OA.A.66) gives the two expressions because Ui > 0. O

Better future learning about the existing product, holding replacement opportunities fixed, lowers
both thresholds by increasing the value of further experimentation. Better replacement opportuni-
ties, holding that learning technology fixed, raise both thresholds. The search comparison includes
the direct gain A;/ as well as the effect on future retention decisions. Because the sensitivities are
evaluated at different thresholds, this additional term alone orders neither their derivatives nor the

change in their distance. The actual future learning channel combines these opposing effects.

OA.A.10.3 A short effective horizon

A sufficiently short effective horizon yields an analytical net-sign result. Hold £, all other primitives
except 0, and the current posterior fixed; let ¢ 1 1, so the effective continuation factor d = 5(1 — ¢)
approaches zero. Suppose Ag = f7(B,2) — f*/x > 0. At d = 0, the thresholds and continuation

value are

b% = (foLAYT b = [(BY)T — £2/(xBA)Y, (OA.A.74)

Fo(B) = (1 - )87 (B, )]+ + [B7(B, 2) — Ao

For inherited variance s > 0, define

2
— g _ 50¢ _ avvZ—a?v/2
U(qu) S O_g_l_sqa H(B,’U) ]E’FO(Be )7
2 2
J(B,s;q) = Hy(B, v(s, q))((ﬂ:i“;q)2 > 0. (OA.A.75)
£

This expectation and its variance derivative are given by the normal-CDF formulas in (OA.A.99); no

dynamic solution is required.
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Corollary OA.1 (Future learning with a short effective horizon). Under Ay > 0, at a fixed positive

inherited variance s = &fpt and fixed g > 1,

J(bds S'q)

ds __ _ 9y

0B = ~di S + old), (OA.A.76)
cs J(Bovag;q)_J(bcsas;Q)

0,8% =d 2] +o(d). (OA.A.77)

Future processing therefore lowers the drop threshold for all sufficiently small d > 0. A strictly positive

or negative difference in the search numerator determines its sign for all sufficiently small d > 0.

Proof. Asd | 0, U — 7, AV — Ay, and the roots converge to (OA.A.74). The leading effect of
future processing is the first future observation, giving £(B, k) = dJ(B, s;q) + o(d), locally in the
current state and ¢. To justify this derivative limit, first use finite horizons and integrate the con-
tinuation maximum against the smooth Gaussian transition. The limiting thresholds have positive
demand slopes, and Gaussian states hit their boundaries with probability zero. The local moment
bounds underlying (OA.A.28) permit dominated differentiation; contributions from dates two and
later are bounded by a constant times ) .-,(j + 1)@/ = O(d?). Thus the first-step derivative con-
verges to J as the horizon grows and d falls. Equation (OA.A.68) gives W = O(d), and (OA.A.69)
gives A} = dJ(B°,03;q) + o(d). Substitute these expressions into (OA.A.72)—(OA.A.73) and use

Ug — P7p at the limiting roots. O

The existing product’s learning gain affects the drop margin at first order in d, while the effect of
improved replacement opportunities on its future decisions is of higher order. Both learning gains
enter the search margin at first order. The corollary supplies neither an explicit upper bound on d

nor a conclusion for the reference calibration.

OA.A.10.4 Combined changes with a stationary future

An improvement in the processing path generally changes both accumulated precision and future
learning. Let k() and ¢(\) describe such a comparison, with £',¢’ > 0 and ¥’ + ¢’ > 0. The

parameter \ indexes the comparison, rather than a new firm characteristic.
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Corollary OA.2 (Combined improvement with a stationary future). At regular parameter values, the

threshold changes decompose as

dBJ . 4
TZS;\ =B K + 03’ ! j € {ds,cs}. (OA.A.78)

Both derivatives are strictly positive under the primitive restriction
E2q' < qk'(2k + q). (OA.A.79)

For a finite comparison, it suffices that this restriction hold along the comparison interval.

Proof. The chain rule gives (OA.A.78). Along the retained-product history,

dv; _ o2{q'[F* = j(G + De®] — ak'[2k + (2] + Dal}

dx (k+jq)2lk + (j + 1)q)? (OA.A.80)

The numerator decreases with j. Condition (OA.A.79) makes it nonpositive at j; = 0 and strictly
negative thereafter. Replacement opportunities weakly improve by Lemma OA.4, strictly if ¢’ > 0.
The local comparison in Proposition OA.3, proved below, therefore gives strict threshold derivative
signs, including equality in (OA.A.79). Its regularity condition holds locally for these constant-future
changes. The finite comparison follows from the same innovation and opportunity ordering along

the interval, or directly from the finite version of that proposition. O

The restriction requires accumulated precision to increase sufficiently relative to future signal
precision that every remaining belief revision contracts. For constant processing throughout the
history, k = ¢+ 7q and ¢ = 1 + ¢, so it becomes (1 + w)\/m > c. For a proportional history
followed by a stationary future, k = C. + wq gives ¢gy/w(w + 1) > C.. These are the stationary
specializations below. For a general age-dependent future path, replacement opportunities need not

be ordered; the next subsection states the additional conditions required for the same argument.

OA.A.11 Changes in the Processing History and Future Processing

Maintain the product-line assumptions and thresholds of Proposition 1, and consider ordinary firm
ages two and above. Throughout this subsection, productivity, the prior, scope, prices, search tech-
nology, and fixed costs are held fixed. A comparison holds the current demand term B fixed when

comparing continuation values. Let d = 3(1 — §), retain U; and A} from (OA.A.33), and write the
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continuation maximum as
Fi(B, 1) = max{U,(B,7) — zA), (1 — 2)U(B, 1), 0}. (OA.A.81)

The learning-value lemma gives convexity in B3, with strict curvature on a high-demand interval. For
two processing histories and future paths, indexed by H and L, let vfj:]*j be the next innovation

variance of the existing product if it has been retained, where g € {H, L}.

Proposition OA.3 (General processing-path comparison). Suppose

v T <t for every j > 0, (OA.A.82)
AT > AN for every j > 1. (OA.A.83)

Then the product-drop threshold is weakly higher under H. If also AI/ A Al/ 'L the search threshold
is weakly higher under H. Both applicable comparisons are strict if the variance inequality is strict at
at least one finite future date, including the current date.

For the local version, assume the family is differentiable and |0ys|/(1 + 1) is locally uniformly
bounded over observation dates. The corresponding sufficient conditions are v:_r]] » <0 forevery j >0
and awarj > 0 for every j > 1. If one variance derivative is strictly negative at a finite future date,

the product-drop derivative is strictly positive; adding d,A} > 0 makes the search derivative strictly

positive. The derivative includes all historical and future processing changes specified by the family.

The opportunity restrictions (OA.A.83) concern solved value functions; they are not primitive
conditions. In particular, higher values of D; and D, separately do not order their difference
xAY = D; — dD;,1. The results below give primitive innovation restrictions and stationary special-

izations in which opportunity ordering also holds.

Proof. At a common argument U, the maximum (OA.A.81) is nonincreasing in AY. The innova-
tion ordering is a convex-order comparison of mean-one lognormal demand transitions. Backward
induction in the recursion for U, with the actual opportunity paths fixed and common terminal
retained-product values, therefore gives U/ (B,7) < U}(B, 7). The bound on expected discounted
payoffs in (OA.A.28) passes this inequality to the infinite horizon. If an innovation inequality is
strict at a finite future date, Gaussian full support gives positive probability of retaining the existing
product until that date and reaching a strictly convex active-production region. The inequality in

U, is then strict at every B > 0. The product-drop matching level is zero in both economies; the
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additional current opportunity ordering gives U/’ — AE/’H <UL - AY L for the search comparison.
The root orderings follow.

For the local statement, put G; = 0, U;; along the retained-product history. Let p equal 1, 1 — z,
or 0 under no search, continue-and-search, or drop-and-search, respectively. Differentiating the

Gaussian expectation and the optimal continuation action yields
Gj=dlju 7, +dE [pj1Gip — 2l 0pAf ], T >0, (OA.A.84)

Here I'; is the marginal increase in the expected continuation maximum from increasing its in-
novation variance, holding the next values fixed. Discounted iteration makes Gy < 0 under the
stated strictness condition. Implicit differentiation gives 9,B% = —Go/Urs > 0 and 0,85 =
(0pAY — Go)/Ug > 0 when its additional condition holds.

Local statements require the usual discounted differentiation of the specified path family. One suf-
ficient regularity condition is a locally uniform bound on |9y,|/(1 + 1) over its observation dates.
It bounds |0, vs| /vs uniformly; cumulative innovation variance along one product is bounded by o2.
Writing each normal innovation as its standard deviation times a standard normal variable bounds
the expected absolute derivative of each potential product’s gross operating payoffs uniformly in
tenure. There are at most j + 1 potential products by future date j, so the expected absolute payoff
derivatives are bounded by a constant times the convergent sum ».q(j + 1)d’. Future Gaussian
states hit switching boundaries with probability zero, permitting the action-envelope differentiation
above. This condition holds for proportional path changes at a positive processing level. For the
constant-processing and future-plateau specializations below, the bound also holds at zero process-

ing and permits right derivatives there. O

Precision conditions for a general processing path. For a differentiable comparison indexed by
A, putg; =1+ forj > 1and k; = ko + Zzzl qe, where kq is inherited precision as defined in
(OA.A.60). Then v; = 02g;41/[kj(kj + gj+1)], so the primitive conditions for innovation contraction
are

Kidi < gk 2k + qj41),  j>0. (OA.A.85)

For the strict threshold comparisons above, require a strict contraction at some finite date and the
respective replacement-opportunity ordering. The latter concerns optimal values: better future

information does not by itself order A} = (D; — dD;1)/z. Stationary future processing establishes
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this ordering automatically; a general age-dependent path requires the additional value conditions in
Proposition OA.3. The following result reduces the innovation restrictions to one primitive inequality

for a proportional, concave profile.

Corollary OA.3 (A primitive restriction on existing-product innovations). For a proportional process-
ing comparison, let 1;s = 1h(a;s)/h(a;) with the profile h fixed. Assume h is positive at observation
ages and has a nonnegative, nondecreasing, concave extension to age zero; observations in the existing-

product history begin at age at least one. Define

t
c= iEQ W= ZSZt—T-i-l h(ais) Q =1 4 wh(ai7t+1) )
og’ hait+1) h(ait)
The single primitive condition
QVww+1)>c+7—w (OA.A.86)

makes the current innovation derivative weakly negative and every subsequent retained-product inno-
vation derivative strictly negative. For a finite comparison, replace QQ by /Q Q) to obtain the same
variance ordering. Together with the respective opportunity conditions in Proposition OA.3, this gives

its strict threshold conclusions. The opportunity ordering remains an additional condition on values.

Proof. Put C, = c+7 —w > 0. The current innovation variance is 02Q/[(Cx + wQ)(Cyx + (w + 1)Q)].
Its derivative has the sign of C2 — w(w + 1)Q?; the finite-pair difference has the sign of C2? — w(w +
1QuQrL.

At future retained tenure n = 7+ j, put hy = h(a;s+j+1) and e = h(a;¢4j4+2) —h4. Let Hj sum h
over the existing product’s n observations. Concavity and the age-zero extension give hy > (n+1)e

and H; < nhy —en(n + 1)/2. Consequently
Wy —e(2Hj +hy) > (hy —ne)(hy — (n+1)e) 20,  wjp1 —wj > 3.

If e = 0, the ratio increases by one. Since the derivative of \/w(w + 1) exceeds one and Q; > 1 is
nondecreasing, Q;j/w;(w; + 1) +w; — (7 + j) strictly increases at each observation. Thus the initial
inequality strengthens strictly at every subsequent retained date. The proof for finite pairs replaces
Q; by the nondecreasing /Qp ;Qr ;. At a positive processing level the proportional family also

satisfies the preceding local regularity condition. O

The same propagation argument permits actual startup values below a nonnegative increasing
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concave reference profile, provided they coincide with that reference at all ordinary ages. Use the
actual historical sum: it is no greater than the reference sum, so both bounds on ~ and H; used in
the proof remain valid. Without these profile or reference conditions, the full sequence of variance

restrictions in Proposition OA.3 must be checked directly.

Corollary OA.4 (Constant processing). Suppose ;s = 1 at every date, and put ¢ = o2 /o3. If
(I+y)V/r(r+1) > ¢, (OA.A.87)

both processing derivatives are strictly positive. For a finite comparison ¢y > 11, the endpoint condition

V@ +¢g) (1 +¢L)7(T + 1) > c gives strict ordering of both thresholds.
Proof. Put ¢ =1 + 1. At retained tenure n, the innovation variance and its derivative are

a2q
(et ng)le+ (n+1)q]
o[ — n(n+1)¢*]

el P ey e Y 2 (OA.A.88)

)

Condition (OA.A.87) contracts the current innovation weakly and every later innovation strictly. The
finite-pair difference has the sign of ¢ — n(n + 1)qyqy, giving the stated endpoint condition.
Lemma OA.4 gives A}Z > 0 under stationary future processing, with a right derivative at zero.
Proposition OA.3 therefore applies, including equality in the current stock inequality because later
innovation comparisons are strict. Equivalently, the local condition is (OA.A.79) with k = ¢ + ¢,

k' =r7,and ¢ = 1. O

Corollary OA.5 (A stationary future with a varying processing history). At the current date write
Pis = Yrs, withry =1, 0 <7y < R, and rs = R > 0 for every s > t + 1. Thus v is current processing
and YR is the future plateau; historical observations retain their actual precisions. The comparison
holds rs and R fixed, so the future level ¥R rises with 1); it is distinct from the main-text comparison
that holds future processing fixed. Put ¢ = 02 /03 and

Zi‘:thJrl s

w:T, Q=1+vYR, Ci=c+71—w.

If Q\/w(w + 1) > C,, both processing derivatives are strictly positive, at any d € (0,1). For 1y > v,
the condition \/QuQ rw(w + 1) > C, gives strict finite ordering of both thresholds.
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Proof. After j more observations of the existing product,

UT+j — G?Q .
0+ (w+ H)QNCk + (w+j + 1)Q)

Its processing derivative has the sign of C2 — (w + j)(w + j + 1)Q?. The finite-pair difference has
the sign of C2? — (w + j)(w +j + 1)Qu Q. Each current weak inequality therefore becomes strict at
all later retained dates. Every new product first produces at the common prior and receives its first
observation next period, when the plateau already applies. Consequently D; = Dy = --- = D is
the stationary vacancy value at processing ¢ R, and AV = (1 — d)D/x strictly increases with 1 by

Lemma OA.4. The general comparison proves the result. O

This restriction concerns the entire future from the next observation onward; a plateau reached
only at a later date does not establish the result today. The constant-processing and future-plateau
corollaries are supportive cases, not a claim that an arbitrary rising processing path orders replace-

ment opportunities.

OA.A.12 A three-period model

This truncation separates inherited information, new signals, and replacement opportunities while
preserving the model’s production timing. There are decisions at dates 0 and 1, production at dates
1 and 2, and no continuation after date-2 production. At date 0, the existing product has tenure
7 > 1 and an updated belief, with two production opportunities remaining. A product retained
at date 0 produces at date 1, its next signal informs the date-1 decision, and the selected product
then produces at date 2. A new product starts from the common prior, as in the main model. All
comparisons hold aggregate conditions and the prior fixed. Suppress the firm index, abbreviate
A(z;) by A and z; by z, and write (B, z) = AB" — f°. Recall that A, > 0, and let d = (1 — J),
a = (n—1)/n, and ¢ = ¢2/0. Maintain 0 < d,z < 1, n > 1, positive costs and variances, and the
terminal opportunity condition AY = B7(B°,2) — f*/x > 0.

At date 1, let F; denote the value above dropping and searching. The terminal problem gives

Fi(B) = (1 - 2)[B7(B, 2)]+ + z[B7(B, 2) — AY ]+,
. fo 1/n - f5 1/
e )" el 2]

The two terminal demand thresholds are independent of processing and tenure; productivity lowers

(OA.A.89)
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the first and raises the second. To study learning before the last decision, define the explicit Gaussian

expectation
H(B,v) = EFy (Bexp{ay/vZ — a*v/2}),  Z ~ N(0,1). (OA.A.90)

Under constant processing ¢ = 1 + v, the next innovation variance is

Vr = Usq
(c+T1qlc+ (T +1)q’ (OAA91)
o2[c? — 7(1 + 1)¢? o? >0 o
Vrap = , Voo = .
Vet Pl GNP Y (et a)?
Subtracting dV* from V' gives the date-0 relative value and replacement opportunity:
Uo(B,7) = B7(B,2) + dH(B,v;), Ay =AY +dH(B",v), (OAA9)

Up(B§E, ) =0,  Up(BS,7) =Ay.
In particular, the new product’s learning gain remains part of the date-0 replacement opportunity.

Proposition OA.4 (Three-period comparative statics). Maintain the terminal opportunity condition

above. For the date-0 thresholds, the following statements hold.

1. Under a common processing change at all dates, sgn Bg’sw = sgn{(l + Y)/7(t+1) —c}. If
(1+¢)\/7(1 +1) > ¢, then B, > 0; the drop derivative is zero at equality and positive above it.
Below this bound, the drop derivative is negative, and the search sign is determined by (OA.A.94)

below.

2. Both B§%, < 0 and B, > 0 hold under the primitive cost restriction

dl—z)  f° 2
e—d <pp <lTTty (OA.A.93)

This interval is nonempty for every d, x € (0,1). The separate primitive tests in (OA.A.98) below

can establish either sign outside this interval.

3. At the same firm age and with the same future processing technology, an additional earlier ob-
servation raises both date-0 thresholds strictly. Under constant processing, Bﬁ(r +1)> 86(7') for

J € {ds,cs}.
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Proof. The function F is increasing and convex, with strict curvature on a set of positive Gaussian
probability. Consequently Hz > 0 and H, > 0 for B,v > 0, and Uy s > 0. For completeness, these
derivatives can also be checked directly from the normal-CDF expression below. Differentiating the

matching equations gives

ds _ _de(B(()isaU‘r)Umﬁ

o Uos(By,7)

_ d{HU(BO, Uo)’UQﬂp — HU(BSS, UT)UT#,}
UO,B(BSSa 7—) ‘

(OA.A.94)

B5y

Equation (OA.A.91) proves part (i). The second identity is an exact comparison at an endogenous
threshold, rather than an additional primitive sufficient condition. It permits a positive search deriva-
tive even when the next signal raises the continuation value of the existing product. For part (iii),
an additional earlier observation increases inherited precision and strictly lowers v, while leaving
the new-product problem and A} unchanged. The two matching values in (OA.A.92) are therefore
unchanged, whereas U falls strictly at each positive demand state; both roots rise.

For part (ii), write r = f*/(8/°), K4 = f°/A, K. = (B°)" — f*/(z8A) > Kg4, and B, = K}/".

Define the following probabilities, all evaluated at primitive states:

log(B"/K ;) — na’v/2 )
pj(B,v)=<I>< 25/ J)\[n / ) jed{dc},
v . (OA.A.95)
pj=pi(B%v0), Pl =pe(Be,vr) < 5.
The terminal envelope and (OA.A.92) imply
AUy A(B, 1) = Uo(B, )+ Bf°+ d{(1 — z)Bf°pa(B,vs) — fpc(B,vs)}. (OA.A.96)

Differentiating the terminal action payoffs yields this identity; switching ties have probability zero.
At the drop threshold, Uy = 0 and BSS < B, because H > 0. Since p; > p., equation (OA.A.96)
gives

AUy 4 (B, 7) = Bfo{1 —d[r — (1 — 2)]4p5}.

At the search threshold, Uy(B°, 0) — Uy (B, 7) = f*/x; subtracting (OA.A.96) between these states

and using 0 < p; <1 gives
A{Up,a(B°,0) — Up a(B§*,7)} > Bf{r(1/z — dp?) — d(1 — z)(1 — p))}. (OA.A.97)
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Thus the separate primitive sufficient conditions are

d(l —z)(1— pg)
1)z — dp?

dr —(1—=)]4pi <1 = B <0, r> = Bf, > 0. (OA.A.98)

The denominator on the right is positive. Replacing p* by 1/2 and the prior probabilities by their
worst-case bounds yields (OA.A.93). Its lower endpoint is below = < 1, while its upper endpoint
exceeds two, so the interval is nonempty. Finally, implicit differentiation of (OA.A.92), using A, > 0

and Uy g > 0, establishes the stated productivity signs. O

Evaluation from primitives. The expectation in (OA.A.90) is explicit. Let x = n(n — 1)a?/2,
M = B"eX?, (5 = [log(B"/K) —na’v/2]/(nay/v), and ¢4 = £y +na+/v. Then, with ® and ¢ denoting

the standard normal CDF and density;,

C(B, K, ’U) = Mq)(fl) - K(I)(EQ),

_ naM
Co = xMP(ty) + Tﬁ (1) >0, (OA.A.99)

H(B,v) =pA{(1 —x)C(B, Kq,v) + 2C(B, K., v)}.

These formulas make the exact search comparison computable without solving a further dynamic

problem. They do not make an inequality evaluated at 3§ a primitive condition.

Inherited information versus a common processing change. The same calculation allows a non-
constant history. Let p be inherited posterior precision and let ¢, be the precision of the next signal;
these quantities are precisions, whereas ¢ = 1 + ¢ in (OA.A.91) is a processing multiplier. For a

profile parameter &,

_ P’0g — a+(2p + g4 )pe

(OA.A.100)
p*(p+q4)?

v=p - (+ar)h, e

If only inherited information improves, holding future processing fixed, then p¢ > 0, ¢, ¢ = 0, and
the replacement opportunity is unchanged; both thresholds rise. If processing increases throughout
the history and the next observation, both precisions change: inherited information reduces the
value of further learning, whereas a more precise next signal increases it. The drop derivative has
sign —ve. If ve < 0 and g4 ¢ > 0, the search threshold rises because the new product also benefits

from the more precise next signal. The constant-processing turning point in part (i) is the exact
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balance of these two effects, rather than an assumption that future processing is held fixed.
Under part (ii), productivity widens the gap BS® — BgS. Whenever the exact search comparison in
(OA.A.94) is positive below the processing turning point, processing also widens this gap because

the drop threshold falls. An increase in both thresholds alone does not determine the change in their

gap.

OA.A.13 Returns to Pre-Entry Investment

Proposition OA.5 (Returns to Pre-Entry Investment). Hold aggregate prices, quantities, and the joint
distribution of normalized types (p;, m;) fixed, with z; = z9p; and m; = mgom;. Let E(mg, 29) =
E,[V¢(p)] denote expected entry value before investment costs. Under optimal policies, write £ = G—K,
where G is expected discounted revenue less variable production costs and K is expected discounted
operating and search fixed costs, valued at fixed wages. Both include replacements and the corresponding
components of assigned vacant-line payoffs at endogenous exit.'

Expected entry value is weakly increasing in mg. Where the derivatives exist and differentiation under

expectations is valid,

08 _n-1g (0A.A.101)
620 20
0%E n—1 0G n—1[ 0& oK
= = . A.A.102
0zp Omyg z0 Omo 20 <8m0 * 8m0> © 02)

The productivity derivative is strictly positive if production occurs with positive probability. Local com-

plementarity holds if and only if 9G/0mq > 0. A sufficient condition for strict complementarity is

0¢ > 0, oK > 0. (OA.A.103)

8m0 8m0

Proof. For fixed normalized types, higher mg weakly increases processing at every age. Adding in-
dependent normal noise to the additional signals reproduces the lower-capability information struc-
ture, jointly with market observations. The firm can therefore follow the same production and prod-
uct decisions, including the continuation used to evaluate assigned exit payoffs. Since managerial
ability is observed before the first update, averaging over types and optimizing startup operation

establishes managerial monotonicity.

! Assigned exit payoffs cover the initial line at age one and all lines thereafter; preproduction abandonment contributes
zero.
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Fix policies for startup operation, subsequent product decisions, and assigned exit continuations
as functions of observed histories, optimizing quantities conditional on those histories. The history
distribution is independent of z, under the fixed type distribution and information-processing path.
By (2.10), policy value equals zg_lH — K, with H and K independent of zy. The envelope theorem
gives (OA.A.101), with G = zg_lH evaluated at the optimal policy. Boundary terms cancel because
competing net payoffs coincide at indifference, including startup abandonment and age-one exit.

On a compact interval of positive z(, each fixed policy’s productivity derivative is bounded by a
constant times its gross operating payoffs. Integrability over types and locally uniform derivative
bounds justify the infinite-horizon limit and differentiation under expectations, using finite-horizon
approximations and the discounted-payoff bound above (Stokey and Lucas Jr, 1989, Sections 9.1
and 9.4). Production with positive probability implies G > 0.

Differentiating (OA.A.101) with respect to mg and using G = & + K gives (OA.A.102) and
(OA.A.103). The derivatives of G and K include changes in optimal decisions; only their difference

satisfies the envelope cancellation. O

Holding inherited capabilities fixed, the capability laws imply that every differentiable interior

optimum of (2.24) satisfies
(1 = Gn)motEmg, = wexag, (ag")X, (1 = 220t = wexas(ag)X.

Stationary consistency is imposed after private optimization.

OA.B Model Extension

OA.B.1 Persistent Product-Market Shocks

This appendix collects the persistent-shock equations under the baseline timing, entry, and exit

conventions. Calendar-time subscripts are suppressed only for stationary aggregates.
Demand and information. With the prior log 6;, ~ N (6o, 032), realized demand satisfies

log Gipt = log eip + Eipt, (OABl)

Eipat1 | €ipt ~ N(peipe, (1 — p*)o?), 0<p<Ll. (OA.B.2)

40



Market innovations are independent across periods and lines and independent of expertise and
private-signal errors. New products start with stationary shocks e ~ N (0, 02). The additional signal

remains

it

Signal errors retain their baseline independence assumptions. Beliefs condition on Z;; =

2
log sipr = log 8y + Vipt, Vipt ~ N(O, e > ) (OA.B.3)

{Gips, Sips}f;:thJrl, where 7 = Tipt -
After the first observation, market outcomes enter through

log Oip.t11 — plog Oipt = (1 — p)log O + €ipt+1 — pPEipt- (OA.B.4)

The innovation has variance (1 — p?)o2. Market precision is 1/0?2 for the first observation and (1 —

p)/[(1 + p)o?] thereafter.

Posterior beliefs. For 7 > 1, posterior moments are

A ) log 0;,,
) 0 g Uip,t—1+1
eipt = Jipt [0_(2) + O'g
t t
log eips — plog 91‘]),5—1 pis log Sips
+ S D Dl e (OA.B.5)
s=t—7+2 € s=t—7+1 €
n -1
. I 1—p Vi
2 1S
PR IS R - Vis| (OAB.6)
pt 03 o? (14 p)o? S:tz;ﬂ o2 ]

The first sum is empty at 7 = 1. For continuing products with positive tenure,

-1
- 1 L—p Vitt1
2 %
62 = |— + 4 Y , (OA.B.7)
ip,t+1 [Uz'zpt (1 + p)a? O'g
A . Ot 10g 001 — plogOipe  Vigy1108 Sip i
Oipy1 = G2 4+ o A P (OA.B.8)
p ip,t+1 O_igpt (1 I p)0€2 0_62
From the common prior (6, o), the first update is
2 1 149ea]
~ 7,
Oipt+l = [03 + 02] ) (OA.B.9)
&g
. . 6 log 6; i t++11log s;
9ip,t+1 _ az'2p,t+1 |:g g zg,t-{-l + wz,t-i-l % ip,t+1 (OA.B.10)
90 0¢ 0¢
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These initial updates apply to entrants’ and replacement products, using signal precision at the

observation date.

State and joint transition. A positive-tenure line has state

~

Eipt = (Oipt, 10g Oipt, Tipt: @it Vit pis M) (OA.B.11)

Posterior variance is determined by tenure and the information history. Current realized demand

forecasts the persistent shock; the equivalent numerical coordinates are (6;p¢, log iyt — Oipt)-

Conditional on retention,

log Oipt+1 | Zipt ~ N(p log Oipt + (1 — p)bipt, (1 — ,0)262-21)75 +(1- p2)ag) . (OA.B.12)

The pair (0;p 41, log 0ip++1) is jointly Gaussian, conditional on current information and firm states,

with moments

~ ~

0; 0;
B, P = L (OA.B.13)
log O;p.t+1 plog Oipt + (1 — p)0ipt
Var o 0ip,t+1 _ a”?pt - a-lzp,t-‘rl (1 - p)&fpt (OA B 14)
; - . .B.
log Oip, 11 (1=p)oi, (L=p)Po5,+ (1 —p*)o?

The cross-covariance uses

A~

Covit(Oip,t+1,108 bip1+1) = Covir(log Oip, 1og Oip t41).

For a tenure-zero product, the initial pair is jointly Gaussian with moments

0, 0
B, P =", (OA.B.15)
log Oip,1+1 0o
0, o} — 62 od
Vary [ 7 | =70 ;p’m \ ’ NE (OA.B.16)
log 0;p.t+1 of of + oz

where (OA.B.9) gives the next posterior variance. Let g;;(d¢’ | £) include these Gaussian laws and
Qit+1 = Qi + 1, Tip41 = Tipe + 1. Write ¢%(a; p, m) for the common-prior state, without realized

demand, and EJ, for its initial transition.
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Production. The demand term for positive tenure is

Bit(§) = Ei {92(;;)1/”} ,

-1 R
log Bit(€) = 777 [p log Oipe + (1 — p)&m}

1/n—1\> X
+ 3 <7777> = p)QUZ-Zpt +(1- p2)0§] . (OA.B.17)
For a tenure-zero product,
—1 1/n—1\2

Quantity, production labor, realized price, and expected profit satisfy

n—1\" zi )"
Yipt+1(§) = (77> P 1Cp i1 Bit(§)" <wt+1> , (OA.B.19)
liptr1(§) = <77;1> ! Pl Co1 Bin(€)"27 (OA.B.20)
N Wit ‘91(3,;1)1/7]
Pipt+1 = =1 2z Bu(&) (OA.B.21)
— (=171 [z \"
Titr1(€) = T (th) Py 1 Cp i1 Bia(6)" — wgr f°. (OA.B.22)

At tenure zero, use B. Expected price remains nw;1/[(n — 1)z].

Product-line values. Under the baseline timing and exit payoffs, the action values satisfy

72 (8) = Brit1(€) + B = 0)Eit [Vips1 (&) | €], (OA.B.23)
VES(€) = —wef + (1L — 2)VEE(€) + 2V (£°), (OA.B.24)
Vi (@) = —wi f* + 2Vi* (€°) + (1 = 2) B(1 = 6) Vi1 (0). (OA.B.25)

Common firm states are suppressed. Here £ is the fresh-product state at the current firm age,
evaluated using B° and the initial transition.

For firms aged two and older,

Vit (€) = max{V;*(€), Vii* (€), Vi (D)} (OA.B.26)
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Let R, R¢, and RY denote the maximizing regions. Where ordered cutoffs exist, they depend on

(log Oipt, Tipt; ait, Vit, i, m;) and satisfy

(0% 1og Oipe, Tipt) = Vi (0), (OA.B.27)

(6%, 10g Oipt, Tipt) = V52 (6%, 108 Oipt, Tipt)- (OA.B.28)

Equal demand terms need not imply equal continuation values, so both continuous state coordinates
are retained.

Incumbent firm value is
V(Oit; ait, Yie, i mi) = Z Vit (k) ait > 2, (OA.B.29)
k=1
with Vi¢(&r.t) = V25 (0) for vacant lines.

Startups and pre-entry decisions. Upon endogenous exit at age one, the initial line receives

V4, (0), while the initially vacant lines receive zero. Its first retention decision has value

V310,108 05, 0, m) = max { V53 (0, log 0,1) + (n() ~ DViE, (0),

Vi (0,1080,1) + (n() = DVEL(0), V(D)) (OAB.30)

Firm states are (1,4, ,m), with maximizing regions R;}, R;}], and R;}7. Retention requires

max{ V"% V4 (n(p)—1)V9% > V9; conditional on retention, the initial line searches if V¢ > V"5,
Exit precedes all search.

Before m is revealed, operating value conditional on ¢ is

‘726(%0) = Bﬁﬂ(fo(o; ©))
+ B(L = 0)Ey BV (0, 1og 05 by 441, 0,m) | - (OA.B.31)

Under the maintained single-crossing restriction in Section 2.4, the operating option and cutoff
satisfy
Ve(p) = max{VF(),0}, ¢ =inf{p: Vi (p) > 0}. (OA.B.32)
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Zero-value matching holds at a continuous interior crossing. Pre-entry investments solve
(a",7) € arg max {E,[VE(o)] - wnff (™, a%)} (0AB.33)
using the baseline capability technologies and costs. Free entry requires
Eo[Vi ()] = we f (ai", af). (OA.B.34)
In stationarity, M = myg, Z = 2y, a™ = mg, and a* = z.

Product-line measures. Let /1, record lines after search, with vacant lines indexed by their latest
search destination. Initially vacant startup lines enter this measure after their first search. Let X,
include active states at age a, including the prior atom; /,¢(0, a) is vacant-line mass. Firm states
(1, p,m) are suppressed and permanent types are integrated in aggregates.

The post-drop vacancy probability in symmetric equilibrium is

X a0, = D)+ [y, g (€)00(d€ | ) par(d)]

’ _ ’ "> 9. OA.B.35
Ge+1(@) Zq [gt(D, 0" — 1) + pge(Xar—1)] o ( )

Using the conditional product-of-marginals approximation in Appendix OA.A.5,

@ / 1
) ()] SO N OAB36

1, n(p) =1,

Here p¢ approximates the probability that all other lines are vacant, so dropped or vacant lines reach
search with probability 1 — p¢. Normalize (OA.B.35) only in age and type cells with positive mass.

For startups, endogenous-exit probability conditional on no exogenous death is exactly

P = [ L (e’ | €00)) (0AB.37)

Each initially vacant line reaches search with probability 1 — p7, (1).
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Continuing products and new assignments. For measurable A C X, containing only positive-

tenure states,

st (4) = (1=0) | [ [1ry2,(€)+ (1 = 21z ()] e’ | )uld).  (OAB38)

At a = 0, use the startup regions R;}}, R;7{ and the initial transition.

Successful searches from incumbent source ages a > 1 generate

s s
q#p e

+ (1 - pf+1(a + 1))1Rﬁ1 (gl)}gt(dgl | g):“qt(dg)

,Up7t+l(§o(a +1)) =

+ (1 = pipq(a+ 1)) g (0, a)}. (OA.B.39)

For startups’ first adjustment,

(€)= L0 > [ [ 15 atde' | €0)

+ (n(p) =11 - P§+1(1))] 1qt(€2(0)). (OA.B.40)

Under the baseline assignment mechanism and symmetry, destination probability 1/[N — n(y)]
over feasible markets averages to 1/(N — 1) for each p # q.

The density of operating entrants is

M, o (@) hin(m | ymo ) pzge )

(OA.B.41)
N 1-— H¢(£lf+1)

Mp,t+1(§0(0; p,m)) =

Here M¢ , is operating entrant mass. Without a single operating cutoff, replace the indicator by

{ ()20} and the denominator by its probability.
t+ =

Vacant-line measures. For incumbent source ages a > 1,

~85)(1 —
ppen@a+1) = CZIZD S0 v )
a#p
[uth o [ [ e ot | natat). (OAB.42)
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Vacant lines are indexed by their failed-search destinations; failed replacement searches leave re-
tained lines occupied.

For startups transitioning to age one,
(1-6)(1—=x)

N_1 > () = (1= pfir (1)) ge(€°(0)). (OA.B.43)
q#p

Mp,t+1(®7 1) =
Search resources and aggregation. Aggregate search labor is

s e

(1= pEa(a+ 1)Ly, (€)] 0e(de’ | €)ape(de)

+ (1= pia(a+ 1) (0, a)]

+ 1t (€2(0)) [/173056(6’)%(615’ | £°(0))

+ (n(p) = (1 = piy(1))

} . (OA.B.44)

The expression integrates over suppressed types and uses (OA.B.36); (2.34) gives exact firm-
measure accounting.

Let X include all active states and prior atoms. Operating and entry resource costs are

e
Fa =17 f = (OA.B.45)
+ Z P + +1q _H@(£§+1)
Entry costs apply to gross potential entrant mass, including types that abandon before production.
In stationary symmetric equilibrium, let ;. denote the active measure in one product market,

including permanent types. Then

_ n
L,= (77771) 10w / B(€)" (5 20)" " u(de), (OA.B.46)
X
" —1/(n—1)
P:fw [ / B(&)"z(«p;zo)”_lu(dg)] : (OA.B.47)
0 S e 1/(n—1)
C = L-F Nf -7 [ / B(&)"2(p; 20)" ! (dg)} (OA.B.48)

Labor-market clearing requires L = NL, + F° 4+ F° + F¢, and C = N*/*~1)C. Normalize w = 1.
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The exact firm distribution follows the baseline portfolio transition on the expanded state space,
with I'® normalized conditional on operating. The marginal laws above instead use (OA.B.36).
Stationarity requires an invariant distribution, optimal decisions, free entry, and market clearing.

At p = 0, the model reduces to the baseline, and realized demand is no longer a necessary decision-

state coordinate.

OA.B.2 Mapping Shipment Fixed Effects to Expertise

Under full information about permanent expertise, its contribution to log B;, +—1 has coefficient (7 —
1)/n. Equation (2.11) therefore implies a total loading of  — 1 on log 6;,, in log real shipments.
After accounting for firm productivity and aggregate components, this gives the benchmark mapping
ozf;‘/ ~ (n — 1)log#;p. Demand-shock persistence affects shipment dynamics but does not change
this full-information loading. We use this mapping as a benchmark approximation, with the prior

mean anchored by the empirical fixed-effect normalization.

OA.C Additional Quantitative Results

OA.C.1 External Validation

This subsection compares untargeted model moments with published evidence on firm-size varia-

tion, demand and productivity over the firm life cycle, and within-firm sales concentration.

Sources of Firm-Size Variation. Table OA.1 compares the model’s sources of firm-size variation
with Hottman et al. (2016) (HRW). Demand-related components account for 64.44% of log deflated-
sales variance, compared with a 75.80% contribution from firm appeal in HRW. Productivity and

product scope jointly account for the remaining 35.56% in the model.

Demand and Productivity over the Firm Life Cycle. Table OA.2 compares demand and productiv-
ity gaps relative to old nonexiters with Foster et al. (2016) (FHS). The model reproduces entrants’
larger disadvantage in demand than in productivity and the narrowing demand gap with age. It
overstates the demand gaps, particularly among exiting firms, and generates a small entrant pro-

ductivity disadvantage rather than the positive empirical coefficient.
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Table OA.1: Sources of firm-size variation

Component Contribution (%)
A. Model
Productivity 26.67
Product scope 8.89
Product-specific expertise 6.58
Persistent demand 56.96
Imperfect learning -0.37
Demand realization 1.27

Grouped contributions

Productivity and product scope 35.56
Demand-related components 64.44
B. HRW
Firm appeal 75.80
Product scope 21.03
Average marginal cost -3.70
Cost dispersion 7.06
Markup -0.20

Notes: Model contributions are each component’s covariance with log deflated sales divided by the variance of log de-
flated sales. Demand-related components comprise product-specific expertise, persistent demand, imperfect learning,
and demand realization. Productivity and potential scope both depend on ¢;; the grouped contributions summarize the
components above. HRW values are from Table X, the all-firm cross-sectional decomposition. Their firm-appeal measure
encompasses several model components, while the model has no markup heterogeneity. Values are rounded.

Table OA.2: Demand and productivity gaps relative to old nonexiters

Demand Productivity
Group Model FHS Model FHS
Entrants (ages 0-4) -1.39 -0.89 -0.05 0.02
Young (ages 5-9) -0.27 -0.48 -0.03 0.01
Medium (ages 10-14) -0.12 -0.38 -0.02 0.00
Exiters before next census -2.19 -0.59 -0.08 -0.02

Notes: Entries are log-point coefficients relative to old nonexiters. Empirical estimates are from FHS Table 1. The model
uses firm observations and date effects; FHS use plant observations and product-year effects. Model productivity is log z;;
empirical productivity is estimated TFPQ. The demand measures likewise follow their respective model and empirical
constructions. Age groups follow FHS.

Ex Ante Heterogeneity and Firm Growth. Using the employment-based statistical decomposition
of Sterk et al. (2021) (SSP), Table OA.3 reports the share of log-employment variance attributable
to ex ante heterogeneity. The model is close to the manufacturing estimate at age five, but its

contribution remains high as firms age, whereas the empirical contribution declines.
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Table OA.3: Ex ante shares of log-employment variance

Firm age Model (%) SSP manufacturing (%)
5 67.83 62.06
10 68.67 49.47
20 70.60 39.31

Notes: Both comparisons use balanced panels and SSP’s statistical decomposition of employment. Manufacturing es-
timates are from SSP Appendix Table C.1, column (2). The model’s age-20 value extrapolates beyond the age-0-19
estimation panel.

Table OA.4: Largest-product sales share by product scope

Product scope Model (%) Bernard et al. (%)
2 87.62 80.00
3 82.50 70.00
4 80.16 63.00
5 78.95 58.00
6 75.03 54.00
7 77.70 52.00
8 76.64 50.00
9 75.71 48.00
10 75.64 46.00

Notes: Entries are the mean sales share of the largest product across firms with the stated product scope. Products are
ranked by sales within each firm. Empirical values are from Bernard et al. (2010), Table 10.

Within-Firm Sales Concentration. Table OA.4 compares the largest product’s share of firm sales
with Bernard et al. (2010). In both the model and data, the largest product generally accounts for
a smaller share as product scope increases. The model nevertheless generates greater sales concen-

tration, with larger differences among firms producing more products.

OA.C.2 Selection and Underlying Productive Potential

Firm Continuation and Size. Table OA.5 reports continuation and large-firm status by productiv-
ity and managerial ability. Among high-productivity firms, the joint probability of continuing and
being large rises from 4.39% to 5.59% between the low- and high-managerial-ability groups. Thus,
the higher large-firm share among continuing firms also translates into a higher probability relative

to original entrants.

Current Output and Productive Potential. Table OA.6 compares high- and low-y; firms with
comparable output at initial ages five and ten. We form 40 weighted output bins at each initial

age and apply common bin weights to the two groups. Since ¢; determines both productivity and
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Table OA.5: Continuation and large-firm status at age 20 (%)

Group Continuation Large | continuation Continuing and large
Low z, low m 24.21 0.82 0.20
Low z, middle m 21.97 0.66 0.15
Low z, high m 15.77 1.46 0.23
Middle z, low m 6.02 1.22 0.07
Middle z, middle m 6.56 1.06 0.07
Middle z, high m 5.04 2.06 0.10
High z, low m 34.68 12.67 4.39
High z, middle m 35.40 14.09 4.99
High z, high m 30.07 18.61 5.59

Notes: Groups are defined by productivity z and managerial ability m and fixed at entry. Age-20 statistics pool firm-age
masses over ages 18-22. Continuation and the joint probability are measured relative to original entrants; the conditional
probability is measured among continuing firms. Large firms have employment at or above the age-specific 90th percentile
among active firms, including ties.

Table OA.6: Current output and future outcomes by productive potential

Outcome Initial age 5 Initial age 10
Current output gap (%) 4.50 1.72
Continuation gap (pp) 4.43 5.68
Active and in top output decile (pp) 10.14 12.37
Common-support coverage (%) 100.00 100.00

Notes: Comparisons are high minus low ¢ among firms active at each initial age, using common weights across 40 current-
output bins and preserving ties. The current-output gap is based on standardized mean logs. Follow-up spans ten years.
Continuation and top-decile status are measured at the end of the horizon. Top-decile status is based on output, whereas
Table OA.5 uses employment. Managerial ability is not held fixed.

potential scope, the comparison captures their combined association with subsequent outcomes.
High-¢; firms are more likely to be active and in the top output decile ten years later, with gaps

of 10.14 and 12.37 percentage points at initial ages five and ten, respectively.

OA.C.3 Cohort Construction and Outcome Definitions

Figure 6 and Table 6 apply centered five-year moving averages to pooled weighted outcomes; age-
five entries average ages 3-7.

For Table 6, we group original entrants by whether their initial product-specific log expertise is
below or above 6, holding group membership fixed across paths. The three outcomes are measured
before each period’s exit decisions and are mutually exclusive and exhaustive. Denominators include
all original entrants in each group, including subsequent exiters. The subsidy permanently raises

managerial ability; the comparison describes its early-life effects.

51



Initial-product membership is recorded for firms with potential scope n; < 4, covering 94.33%
of original entrants. This restriction is imposed at entry in both paths and concerns potential ca-
pacity, not realized scope: all startups initially operate one product. The sales decomposition is not
restricted by potential scope. Operating without the initial product means continuing with other
products; it does not identify a particular replacement event. Initial-product retention reflects both

product choices and firm exit.

OA.C.4 Aggregate Accounting and Resource Allocation

Accounting Decomposition. We decompose the equilibrium change in aggregate deflated sales
into contributions from the firm distribution and within-group performance. Groups are defined by
firm age, ¢, and baseline managerial ability. Let M’; and F’g“ denote firm mass and mean deflated sales
per firm in group g, where £ = 0 denotes the baseline and k£ = 1 the policy economy. For groups

present in both economies,

121 00 gty 1 g Mo+ Hg 1 g
Z (11g7g = HgTy) = Z 5 (1g — Hg) + Z B (rg —7) - (OA.C.1)
g g g
Firm di;trribution Within—grou;performance

Using averages of baseline and policy values allocates half of the interaction term to each component.
We apply the same identity to separate firm mass from group shares within the distribution contri-
bution, and employment per firm from deflated sales per worker within the performance contribu-
tion. These refinements preserve the two broad contributions. Within-group performance includes
changes in the composition of firms within groups.

Table OA.7 reports the resulting contributions. Employment per firm and deflated sales per worker
contribute 1.66 and 0.63 percentage points, respectively, accounting for the 2.29 percentage-point
contribution from within-group performance in Table 8. With N fixed, consumption and aggre-
gate deflated sales change proportionally, yielding identical contributions when normalized by their
baseline values.

For the comparison holding firm mass fixed, we replace group masses with Mos’g“, where MO is
baseline firm mass and sg is group ¢’s firm share in economy &, and recompute the decomposition.
This normalization measures changes in mean deflated sales per firm. Aggregate deflated sales rise
by 8.90%, with composition and within-group performance contributing 6.51 and 2.38 percentage

points, respectively. These contributions differ from those above because the normalization changes
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Table OA.7: Decomposition of the equilibrium consumption change

Component Contribution (pp)
Firm mass -8.01
Firm composition 6.26
Employment per firm 1.66
Deflated sales per worker 0.63
Newly populated groups 0.00
Groups no longer populated 0.00
Total 0.54

Notes: Contributions are percentage points of baseline consumption. Firm mass and composition sum to the distribution
contribution; employment per firm and deflated sales per worker sum to within-group performance. Groups present in
only one economy are reported separately. Values are rounded.

Table OA.8: Labor allocation in the baseline and policy economies

Labor use Baseline (%) Policy (%) Change (pp)
Production 89.54 89.48 -0.06
Operating costs 0.07 0.07 0.00
Product search 0.17 0.16 -0.01
Private entry 10.21 10.19 -0.02
Public program 0.00 0.11 0.11
Total 100.00 100.00 0.00

Notes: Shares are percentages of the fixed labor endowment. Firm employment includes production, operating, and
search labor. Private entry resources include costs incurred by unsuccessful potential entrants. Program resources equal
0.1% of baseline consumption expenditure, corresponding to 0.11% of the labor endowment. Values are rounded.

the weights and interaction terms.

Labor Allocation. Table OA.8 reports how the fixed labor endowment is allocated across pro-
duction, operating costs, search, entry, and the program. The program uses 0.11% of the labor

endowment, accompanied by small reductions in production, search, and private entry labor.

OA.C.5 Restricted Planner: Formulation and Proofs

This appendix formalizes the restricted planner introduced in Section 4.8. The planner maximizes
household welfare subject to physical feasibility and the CE’s valuation restrictions on product
switching, startup operation, and entry. These restrictions preserve the assigned endogenous-
exit values that make mature firms’ product-line values additive. Assigned exit values create no

resources; welfare depends on household consumption.?

For a related benchmark, Acemoglu et al. (2018) restrict the planner to decentralized production and pricing while
allowing control over entry, exit, and R&D.
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OA.C.5.1 Objective and maintained restrictions

Definition OA.1 (Restricted planner). Given the initial firm distribution, inherited capabilities, and
predetermined quantities, the restricted planner chooses pre-entry investments, production, product

switching, startup operation, and entry to maximize

[e.e]
WS =maxy_ flog G} (0A.C.2)

t=0
over physically feasible allocations satisfying conditional production efficiency and Assumption OA.1 in
the environment below. The fixed-capability problem holds capabilities and associated acquisition costs

fixed. The stationary problem requires constant aggregate quantities and distributions.

Planner objects carry the superscript SP. Let £ collect product-line information, tenure, and
common firm characteristics. Operating returns and discounting are defined in (OA.C.14) and
(OA.C.16). The product-line and startup value functions below support decisions under the assigned

exit-value convention; they are distinct from the planner’s welfare value W5F.

Assumption OA.1 (Valuation restrictions). Conditional on the aggregate path associated with the
planner’s allocation, product switching decisions, startup operation, and attempted entry maximize net

present values in labor units, subject to:

(1) At ages two and above, each line is evaluated independently of its effects on firm exit and other
lines. Upon endogenous exit, each potential line is assigned its vacant-line value ths’sp((l)). At age

one, only the initial line receives this value; initially vacant lines receive zero.

(i) Startup operation and free entry use these value functions, including assigned exit values. Each

entry attempt incurs the resource cost f; SP,

Assigned exit values enter these value functions only. Welfare and feasibility depend on actual consump-

tion and resource use.

The aggregate path is endogenous and must be consistent with the resulting decisions and re-

source constraints.

Maintained environment. The CE primitives, information structure, aggregation, and timing ap-

ply, including 0 < 8 < 1, 1 < v < n, and symmetric product markets. Policies use firms’ information
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and a common measurable rule for indifference. For each admissible allocation, idiosyncratic uncer-
tainty satisfies an exact law of large numbers conditional on production-planning information, with
finite aggregation integrals. Quantities remain measurable with respect to firms’ information. The
precision path v follows the CE law, independently of other lines’ retention decisions and aggregate
entry. Exogenous death occurs after production with zero scrap value. After updating beliefs, firms
dropping all active products exit before search and incur no further search costs; eligible vacant
lines of continuing firms search, with positive vacant-line value as in the CE. At age one, retention
preserves the other n(p) — 1 lines’ search opportunities. The initial firm distribution and inherited
capabilities are given; incumbents retain their birth-cohort characteristics. Initial quantities y;,( are

predetermined by firms’ decisions at ¢t = —1.

OA.C.5.2 Resources and production

Pre-entry investment. Pre-entry investments determine managerial and productivity capabilities

through
logmiy = (1 — () log a5 + ¢ log MP, (OA.C.3)
log 258 = (1 — () loga™" + ¢, log Z57, (OA.C.4)
MY =mgh o, 2N =0, (OA.C.5)
<SP — e 4ol (amSPY 4 al (PSP (OA.C.6)

At stationarity, 5" = mg¥ and a*S" = 25, Fixed-capability comparisons hold acquisition costs
fixed and use consistent inherited capabilities. The planner chooses pre-entry investments without

imposing their private optimality conditions.

Entry and firm distributions. Let £’ denote attempted entry and ¢} SP the probability of oper-

ating under (OA.C.23). Entry attempts at ¢ pay f; 5P and, conditional on operation, first produce at

t + 1. Operating entry and entry resources satisfy

MSP = g STt FpS = prSteRt, (CA.C.7)

e,SP

¢°"); otherwise it is the proba-

With a single operating cutoff and continuous H., ¢; SP 1 Hy(p

bility of the operating set under the common indifference rule. Let ' SP be the entrant distribution
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conditional on operation. Physical firm measures satisfy

M) = [T A NN ) + M (), (0ACS)

FSP

where records portfolios after period-t updating, exit, search, and entry planning; its active-line

f,SP

projection ,u P determines which lines produce at ¢ + 1. The kernel @/ uses the CE’s physical

&SP _ (). Account-

law of motion, including both exit mechanisms. The entrant term is zero when ¢;’
ing retains portfolios and predetermined cohort characteristics without enlarging admissible policy

arguments.

Labor feasibility. Operating and search resources equal their unit costs times the mass of produc-

ing lines and expected actual searches:
F = f"ant i F = / NESP(ENTT (ag?), (0A.C.9)

where /\/;f’SP (¢/) counts expected period-t searches per inherited firm after exogenous death and
endogenous exit. All three resource costs use period-¢ labor; the inherited measures index the firms
facing current production and subsequent search decisions. Assigned exit values do not enter these
resource equations.

Define variable production labor and the productive index of a representative product market by

RSP =T — Fo5F — FPSP — FOSP (OA.C.10)

SOP = / B2 SE (). (OA.C.11)

Here B(¢) = E[Qz(pt )/ | €] is the predictive demand term for production at ¢, including demand
shocks; ¢ contains the information available when quantities are chosen. Productivity z; uses the

firm’s birth-cohort capability, with z; = zo; at fixed capabilities. Require RJY > 0and 0 < SPF < oo.

Proposition OA.6 (Conditional production and operating returns). At dates when quantities can be
chosen, given active-line measures and variable production labor, the consumption-maximizing alloca-
tion satisfies

R Bey)!

SP _
ot (€) = — — o (OA.C.12)
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sp
CSP = %(Stsp)l/("_l), T = NS, (OA.C.13)

The direct marginal contribution of an active line, net of its operating fixed cost and expressed in labor

units, is <p
R{P _ Ui (§)
—SP — t n—1 o pt o
= 1t BT — o= > go OA.C.14
At a CE allocation, 7" (&) = 7 (€) Jwy.
Proof. Suppress SP. The conditional law of large numbers gives
D _ / B() [zt (€)1 41 (dE). (OA.C.15)

=D/ gl attained at £, (¢) =

For variable labor L, Holder’s inequality bounds the right side by L, ot s

Lptl’)’(g)"z?_l /Spt. Symmetry and concavity of the upper CES aggregator give L, = R;/N, proving
(OA.C.12)-(0OA.C.13).

Holding search and entry resources fixed, a marginal type-¢ line contributes B(f)"z?_l JIN(n—
1)S:] — f°/R; to log consumption. Dividing by the marginal value of labor, 1/R;, gives (OA.C.14).
The CE first-order condition gives expected revenue nw.l,(£)/(n — 1); subtracting labor costs yields

the same operating return. This CES alignment is related to Dhingra and Morrow (2019). O

OA.C.5.3 Decision rules under the valuation restrictions

Valuation in labor units. Along a deterministic aggregate path, the value functions use direct

marginal-consumption weights 1/R?Y to discount labor returns:

R"

SP _
t = B SP
Rt—l—l

(OA.C.16)

This normalization equals [ at stationarity. It represents direct marginal-consumption valuation,
rather than the costate of the full constrained problem. Appendix OA.C.5.5 relates it to household

intertemporal valuation.

Product switching decisions. Under Assumption OA.1, the choice-specific value functions and, at

ages two and above, the Bellman equation are:

Ve = 37 [m € + (1= OE[VELE) €] (OA-CA7)
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V;CS,SP(g) _ _fs + (1 B w)‘/tns,SP(g) + mV}nS’SP(fo), (OAC].S)
V;ds,SPw)) =—f5+ xV]fns,SP(gO) +(1—2) tSP(1 _ 5)‘/ﬁfisp(®)7 (OA.C.19)

VP (€) = max { V"5 (€), v (9, S (0)} (0A.C.20)

The fresh-product state £° has the common prior and the same firm characteristics and age. Common
states advance in every continuation term, including vacancy, using the CE information transitions.
Search costs are incurred after exogenous death and carry no additional 1 — ¢ factor.

Dropping is valued as vacancy continuation whether the firm continues or exits; actual search

requires continuation. At ages two and above, the total assigned exit value is n(<p)thS’SP(®).

Startup operation. At age one, retention preserves the other n(yp)—1 vacancy opportunities, while

exit assigns only the initial line its vacant-line value:

V(€)= max { VP (€) + In(e) — 11 ),

VS ) + Inle) - VS0, VS @)}, oac.2ny

Common states are suppressed; the choice-specific values use age one with continuation at age two.
Before initial production, ¢ is observed and m is not. Startup operating value and the option to

abandon before production satisfy

VoS (o) = B[RRI (0:9) + (1 - OB BV ()] (0A.C.22)

Ve () = max{ V¥ (), 0} (0A.C.23)

Managerial ability is revealed after initial production; E° integrates the subsequent first update.
Zero denotes abandonment before production. When the operating decision satisfies single crossing,

define g?sp = inf{p : Ize’sp(go) > 0}; zero-value matching holds only at a continuous interior

crossing.
Entry. Conditional on the aggregate path and capability levels, Assumption OA.1(ii) requires

ESP € arg max £ [EV,X/;’SP(QO) — 5P (OA.C.24)
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Linearity in attempted entry implies the complementary slackness condition
0<&F L e —E VS (0) > 0. (OA.C.25)

A positive net value makes attempted entry unbounded; a negative value implies zero entry. General
equilibrium consistency and feasibility determine entry mass. This condition follows from imposing
the valuation criterion on entry, independently of line separability; exit values create no consump-

tion.

OA.C.5.4 Regularity and verification

Assume Borel state spaces, measurable returns and transition kernels, and finite-horizon expected
absolute returns uniformly bounded over admissible policies from each initial state and date. Let
rSP denote the expected next-period operating return discounted by 35, net of current search
costs, as in (OA.C.17)-(0OA.C.19). The process used to evaluate product-line values includes vacancy
continuation after endogenous exit and an absorbing exogenous-death state with zero subsequent
returns. For every initial state £ and date ¢, assume

lim s E
din B | 30

ZBS ikl SP|] = 0. (OA.C.26)

Here g ranges over admissible policies for this process. Ex ante startup values, including vacancy

opportunities, are integrable, and admissible aggregate paths satisfy

Zﬁt|logéfp| < 0.

>0
We assume that the maximum is attained for each planner problem considered.

Lemma OA.5 (Verification of value functions). For a fixed aggregate path satisfying the stated condi-
tions, the product-line and startup-operation Bellman equations have a finite measurable value function
attained by a measurable policy. It is unique among solutions whose discounted expected terminal values

vanish under every admissible policy.

Proof. Backward induction with zero terminal values gives measurable finite-horizon values (Stokey
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and Lucas Jr, 1989, Sections 9.1 and 9.4). The discount factors satisfy

T-1 RSP
[I87 =525 (OA.C.27)
s=t T

Condition (OA.C.26) bounds truncation errors uniformly over policies, yielding convergence to a fi-
nite measurable value function and passage through the continuation expectations. Finite action sets
and common tie breaking give a measurable maximizer. For the constructed value function, the dis-
counted expected absolute terminal value is bounded by the maximal expected discounted absolute
continuation payoff, which vanishes by (OA.C.26). Iterating the Bellman inequality bounds every
policy’s return, with equality under a maximizing policy. Applying this argument to any solution

satisfying the terminal condition proves uniqueness. Integrability determines startup values. O

OA.C.5.5 Replication and capability choice

The following comparison fixes capabilities and acquisition costs; the CE retains startup operation

and free entry without imposing private capability-investment optimality.

Proposition OA.7 (Replication and restricted efficiency). Under the maintained restrictions and reg-

ularity conditions:

(i) For fixed (my, z9) and associated costs, the planner’s admissible stationary allocations coincide

with stationary CE allocations.

(i) For a fixed capability path and associated costs, this equivalence extends to paths from a common
inherited state if predetermined initial quantities satisfy conditional production, their supporting
CE prices satisfy PoCo = nwoRo/(n — 1), and decentralized values use household intertemporal

valuation.

Within each comparison class, the planner selects a welfare-maximizing CE allocation. Under uniqueness

or a common equilibrium-selection restriction,
ol =T foralt>0, WP =wCE (OA.C.28)

Proof. Stationary allocations. Proposition OA.6 gives the CE production allocation and 7F = 7 /w.

Dividing the CE decision and entry conditions by the constant wage gives (OA.C.17)—(0OA.C.25).
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Lemma OA.5 implies
VISP — Vj/w, j € {ns,cs,ds, e}, VSP = V/w. (OA.C.29)

The normalization also applies to V¢! and V¢. Common tie breaking, physical transitions, and
resource constraints make every stationary CE allocation admissible for the planner.
Conversely, any admissible stationary planner allocation is supported by a wage w > 0 and CES

prices
(n—1)/n

0
N W Yipt n SP\—1/(n—-1)
= . p=-1_ . 0A.C.30
Pt = 1% B g nflw(s ) ( )

These prices support the quantities under CES demand and the production first-order condition.
Multiplying planner values by w recovers the CE decision and entry conditions. Physical feasibil-
ity gives goods and labor clearing and, after consolidating household-owned firms, the household
budget identity.

Sequential allocations. Conditional production and the CE quantity first-order condition imply
PCy = NPyCpy = Lltht. (OA.C.31)
”7 —_—

The initial supporting condition extends this identity to date zero. The household discount factor

in labor units is therefore

P.Cy  wi _5 Ry (OA.C.32)
F,H_lét_ﬂ we Rt+1 o

Without the initial supporting condition, the first household discount factor in labor units need not
equal SRy/R;. The preceding normalization and supporting-price construction apply date by date.
Verification gives identical values and policies; the common initial state and physical transitions give
identical allocation paths.

Restricted efficiency. Equality of the allocation sets lets the planner select a welfare-maximizing CE.
Under uniqueness or the same selection restriction, consumption agrees at every date and welfare

convergence gives (OA.C.28). O

Corollary OA.6 (The value of capability choice). Starting from a stationary CE’s firm distribution,
inherited capabilities (M_1,Z_1) = (m§¥, :§¥), and predetermined quantities, the restricted planner

with capability choice attains WSF > WCE,

Proof. Setting (a:”’SP, a; ’SP) = (m§F, 2§®) at every date reproduces baseline capabilities and costs
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through (OA.C.3)-(0A.C.5) and (OA.C.6). Proposition OA.7 (i) makes the stationary CE path feasible
for the planner, implying W5F > WCE, O

OA.D Empirical Appendix

OA.D.1 Data Construction

Data Sources Our main data source is the U.S. Census Bureau’s quinquennial Census of Manufac-
tures (CMF), linked to the Longitudinal Business Database (LBD). Our sample covers eight census
years from 1977 to 2012. The CMF covers U.S. manufacturing establishments with at least one paid
employee and reports establishment-level employment, payroll, worker hours, input costs, value
added, capital expenditures, and inventories. Crucially for our analysis, it reports product codes—
five-digit SIC or seven-digit NAICS codes—and the value of shipments by product.® See Bernard et
al. (2010), Kehrig et al. (2011), and Kehrig and Vincent (2021) for further details.

The LBD provides annual information on U.S. private nonfarm establishments with paid employ-
ees from 1976 onward, including employment, payroll, industry codes, and location. We link CMF
establishments to the LBD and use firm identifiers to aggregate establishment-level observations to
the firm level. The linked data allow us to measure firm size, age, productivity, employment growth,
and entry and exit. See Jarmin and Miranda (2002) and Chow et al. (2021) for details.

We use industry-level variables from the NBER-CES Manufacturing Industry Database described
in Becker et al. (2013). The version we use covers 1958-2018 and provides annual measures of
shipments, value added, employment, payroll, input costs, investment, total factor productivity, and
price deflators. Industries are defined by four-digit SIC or six-digit NAICS codes.

In addition, we use retrospective responses for 2005 from the 2010 Management and Organiza-
tional Practices Survey (MOPS), an establishment-level survey of U.S. manufacturing.* We construct
the structured management score, data availability (Q27), and data use intensity (Q28), aggregat-
ing establishment-level measures to firms using value-of-shipments weights. We link these measures

to the 2007 firm-product observations, whose dropping outcomes cover 2007-2012.

3For example, SIC industry 3651 includes radios and radio combinations (36511), television receivers (36512), and
consumer high-fidelity components (36514).
*See Bloom et al. (2019) for details on the survey and the structured management score.
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Product Code Concordances We define products at the five-digit SIC level, using 1987 SIC codes
throughout the sample.® For 1977-1997, we use product codes that the Census Bureau concords to
1987 SIC codes. To extend this consistent product definition to subsequent census years, we use the
1997 CMF, which reports 1987 SIC and 1997 NAICS product codes.

Starting with the concordance between 1987 SIC and 1997 NAICS product codes, we use the
2002 Census bridge file to link 1997 and 2002 NAICS codes. We repeat this procedure for 2007 and
2012, mapping product codes in each year to 1987 SIC codes. To maintain consistency within firms
over 2002-2012, we match firm-product pairs to the preceding census and retain their SIC codes.
For pairs without a match, we assign SIC codes using the concordance. When a NAICS product code

maps to multiple SIC codes, we assign the SIC code most frequently matched to that NAICS code.

Firm Age and Longitudinal Identifiers We use firm age constructed by the Census Bureau fol-
lowing Haltiwanger et al. (2013). When a firm first appears, its age equals that of its oldest estab-
lishment; firm age increases annually thereafter. We define young firms as those aged five or less.
Because the LBD begins in 1976, firm ages are left-censored for firms operating that year. We use
the 1972 CMF to adjust these ages and reduce misclassification of young firms.® We measure firm
size by total employment or total value of shipments. All nominal values are deflated to 1997 dollars
using industry-level deflators for the relevant variables.

Our baseline analysis uses the Census Bureau’s firm identifier, 1bdfid, which we refer to as
the “firm identifier” throughout. As described in Chow et al. (2021), this identifier addresses the
recycling of firm identifiers in the legacy LBD but does not fully resolve breaks associated with firm
reorganizations. Such breaks can affect our ability to track firms’ product portfolios over time. To
assess the robustness of our results, we construct alternative longitudinal firm identifiers following

Dent et al. (2018).

OA.D.2 Summary Statistics

Table OA.9 summarizes the firm characteristics, product-specific expertise, and management mea-

sures used in the empirical analysis. Panel A distinguishes young firms, aged five or less, from

>We obtain product-level information from the CMF product trailers, using five-digit SIC codes through 1997 and
seven-digit NAICS codes thereafter. For 1977-1997, the files contain both “as-collected” product codes and codes con-
corded to the 1987 SIC revision.

®For LBD firms owning establishments observed in the 1972 CMF, we add four years to firm age if beginning-of-year
finished goods inventories (FIB) equal zero and five years if they are positive.
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mature firms. Panels B and C report the distributions of expertise and management measures in

their respective samples.

Table OA.9: Summary Statistics

All firms Young firms Mature firms

Panel A: Firm characteristics

Employment 118.8 32.5 131.3
(1,469.0) (77.8) (1,571.0)

Firm age 14.74 291 16.44
(8.42) (1.62) (7.59)

Number of products 2.189 1.877 2.233
(2.896) (1.509) (3.041)

Observations 741,000 93,000 648,000
Mean Std. dev.  Observations

Panel B: Product-specific expertise

Normalized expertise, ¢;;, 0.366 0.244 1,622,000
Panel C: Management measures

Structured management score 0.589 0.159 46,000

Data availability 0.452 0.285 46,000

Intensity of data use 0.432 0.250 46,000

Notes: Panel A reports means and standard deviations (in parentheses) across firm-
year observations, including entrants and exiters. The analysis sample consists of
firms with estimable product-specific expertise and observations in at least two census
years. Young firms are aged five or less; mature firms are aged six or more. Products
are defined by five-digit 1987 SIC codes. Panel B reports statistics for normalized
expertise across firm-product-year observations in the product-dropping regression
sample. Panel C reports firm-level management measures for 2005 from retrospective
responses in the 2010 MOPS, aggregated using value-of-shipments weights. All three
management measures range from zero to one.

OA.D.3 Additional Descriptive Evidence

Table OA.10 reports the shares of firms engaging in product switching and their output shares by age
group, both including and excluding firm entry and exit. To distinguish product switching within
continuing firms from changes associated with entry and exit, we focus on the last three columns.
In the pooled sample, 65% of continuing firms switch products over a five-year interval, accounting
for 91% of their total output. These patterns underscore the prevalence and economic importance
of product switching, consistent with Bernard et al. (2010).

Product switching often involves both adding and dropping products, which we refer to as product
churning. Approximately 52% of product-switching firms (34% out of 65%) both add and drop

products; the remainder either add or drop products. Product churning is more prevalent among
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Table OA.10: Share of Product Switching Firms

Including entry and exit Continuers only
variables All Age 0-5 Age 6 + All Age 0-5 Age 6 +
Product adding only
Share of firms 0.094 0.100 0.093 0.128 0.130 0.128
Output share 0.058 0.098 0.057 0.067 0.139 0.066
Product dropping only
Share of firms 0.398 0.329 0.407 0.182 0.143 0.187
Output share 0.282 0.404 0.280 0.169 0.146 0.169
Product churning
Share of firms 0.248 0.310 0.239 0.336 0.394 0.327
Output share 0.582 0.284 0.588 0.674 0.409 0.678

Notes: Firms in the manufacturing sector from 1982 to 2007.

Table OA.11: Share of Multi-Product Firms

Share of firms Output share
Classification All Age 0-5 Age 6 + All Age 0-5 Age 6 +
sicS 0.450 0.432 0.452 0.891 0.615 0.896
sic4 0.332 0.301 0.336 0.838 0.451 0.845
sic2 0.183 0.153 0.187 0.702 0.267 0.711

Notes: Firms in the manufacturing sector from 1982 to 2007.

young firms, whereas dropping products without adding others is less common than among mature
firms.

Table OA.11 reports the prevalence of multi-product firms at three aggregation levels: five-digit
SIC products, four-digit SIC industries, and two-digit SIC sectors. Under our baseline five-digit def-
inition, multi-product firms constitute 45% of firms but account for 89% of output. Multi-product
firms also span multiple industries and sectors. They are prevalent even among young firms, ac-
counting for 43% of firms and 62% of output in this age group. Single-product firms, by contrast,
constitute 55% of firms but account for 11% of output. Firms that produce a single product and
never switch products during the sample represent 14.8% of firms and 2.8% of output.

Table OA.12 reports the means and standard deviations of the number of products firms produce,
add, and drop, for continuing firms, including single-product firms. On average, firms produce 2.2
products and add 1.2 and drop 0.9 products over five years.” Young firms produce fewer products

than mature firms (1.6 versus 2.3), but add more (1.6 versus 1.2) and drop fewer (0.8 versus 1.0).

’Bernard et al. (2010) report an average of 3.5 products among multi-product firms.
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Table OA.12: Number of Products Produced/Added/Dropped

Including entry and exit Continuers only
All Age 0-5 Age 6 + All Age 0-5 Age 6 +
Number of products firms produce
Mean 2.189 1.877 2.233 2.192 1.645 2.269
Stdev. (2.896) (1.509) (3.041) (3.153) (1.377) (3.321)
Number of products firms add
Mean 1.27 1.831 1.189 1.244 1.605 1.194
Stdewv. (1.831) (1.518) (1.858) (1.880) (1.374) (1.935)
Number of products firms drop
Mean 1.273 1.218 1.281 0.941 0.790 0.963
Stdev. (1.981) (1.482) (2.043) (1.841) (1.101) (1.922)

Notes: Firms in the manufacturing sector from 1982 to 2007.

Table OA.13: Product Add and Retention

Addy.y 15 Add?:?tihs
Young Firmijt 0.148*** -0.112%**

(0.005) (0.017)
Observations 682,000 66,000
Fixed effects i, Jt i, jt
Controls Full Full

Notes: Estimates for industry-year, firm fixed effects, and the constant are suppressed. Robust standard errors clustered at
the firm’s modal five-digit SIC product level are reported in parentheses. Observations are unweighted, and observation
counts are rounded due to the Census Bureau disclosure avoidance procedures. * p<0.1, ** p<0.05, *** p<0.01.

OA.D.4 Product Additions over the Firm Life cycle

We examine how the probability of adding products and the expertise of these additions vary with
firm age. Let Ifj‘%d equal one if firm 7 adds at least one product between census years ¢ and ¢ + 5,
I?jcid,high

following the definition in Section 3.1. To assess the expertise of these additions, we define
to equal one if the average expertise of newly added products observed at ¢t + 5 exceeds the average
expertise of the firm’s products at ¢. For each outcome, we estimate:

Yige = o+ BT + Xijey + 0+ 0t + €ije, (OA.D.1)

where Y, € {If‘ﬁd,lfj‘id’high}, and 0;; denotes an industry-year fixed effect.
Column 1 of Table OA.13 shows that young firms are 14.8 percentage points more likely to add a

product over the next five years. Column 2 shows that, in the sample used to assess addition quality,
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Table OA.14: Product Add/Drop and Firm Performance

AVadd AEmp ATFP ALP
Addy.ys 0.830%*** 0.802*** 0.735%** 0.762%**

(0.019) (0.019) (0.019) (0.019)
Dropy.sas -0.754%** -0.731%** -0.686*** -0.713%**

(0.019) (0.018) (0.017) (0.018)
Observations 682,000 682,000 648,000 648,000
Fixed effects 1, jt i, jt 1, jt 1, jt
Controls Full Full Full Full

Notes: Estimates for industry-year, firm fixed effects, and the constant are suppressed. Robust standard errors clustered at
the firm’s modal five-digit SIC product level are reported in parentheses. Observations are unweighted, and observation
counts are rounded due to the Census Bureau disclosure avoidance procedures. * p<0.1, ** p<0.05, *** p<0.01.

young firms are 11.2 percentage points less likely to have additions whose average expertise exceeds
that of their existing portfolio.®

Together, these results suggest that young firms experiment with products but exhibit weaker
selection on expertise. These patterns are consistent with the model’s learning mechanism: lower
information-processing ability limits firms’ ability to distinguish high-expertise from low-expertise

products early in the firm life cycle.

OA.D.5 Product Additions, Drops, and Firm Performance

To examine how product portfolio adjustments relate to firm performance, we estimate:

Ayije = o+ BII0™ + BoIl0 + Xijey + 0 + 0ju + €z, (OA.D.2)
where Ay;;; denotes the change in log real value added, employment, total factor productivity, or
labor productivity between ¢ and ¢ 4 5.° The indicators Z%’;Op and Ifj‘id equal one if firm i drops or
adds at least one product over the same interval, respectively.

Table OA.14 shows that product additions are positively associated with growth across all four
performance measures, while product drops are negatively associated with growth.'® Under this

additive specification, firms that both add and drop products have higher predicted growth than

8Full regression results appear in Appendix OA.D.8.

Value added equals Total Value of Shipments + Final Inventory Investment + Work-in-Progress Goods - Resales -
Material Inputs - Energy Expenditures. Labor productivity is real value of shipments divided by total employment. We
use the Census Bureau’s TFP beta 8 measure available in the CMF.

1°Appendix Table OA.24 reports full regression results.
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Table OA.15: Firm-Level Output and Long-run Performance Growth Decomposition

Output Long-run Performance (6;,)
all age 0-5 age 6 + all age 0-5 age 6 +
Total changes 0.112 0.662 0.104 0.017 0.130 0.016
Within share 0.543 0.444 0.545 0 0 0
Between share 0.008 0.002 0.009 0.318 0.126 0.320
Cross share 0.009 -0.005 0.010 0 0 0
Addition share 0.424 0.554 0.422 0.574 0.853 0.572
Drop share 0.015 0.005 0.015 0.107 0.022 0.108

Notes: Firms in the manufacturing sector from 1982 to 2007.

firms that do neither. The implied differences, 3; + (2, are 0.076 log points for real value added,

0.071 for employment, and 0.049 for both total factor productivity and labor productivity.'!

OA.D.6 Decomposition of Firm-Level Growth in Output and Product Expertise

We conduct an accounting decomposition of changes in the shipment-weighted average of log real
product shipments and product-specific expertise. This decomposition distinguishes changes within
continuing firm-product pairs, reallocation across continuing products, and product additions and

drops.

PWpt
ZpE'Pit PViPt

denotes the real product value of shipments of product p by firm i at ¢, and P;; is the set of products

Define within-firm output share of product p at ¢ for firm i as w;, = , where PV,
in firm 4’s product portfolio at ¢. Let y;,, denote either the log of real product value of shipments,
log(PVip), or the firm-product long-run performance, ;,. We compute the shipment-weighted av-
erage log product shipments or expertise as y;; = ZpePit WiptYipt-

We then decompose the change in each shipment-weighted average as:

Ay = Z wip,t—5Ayipt + Z (yip,t—s - yit—S)AWipt + Z AwiptAyipt

p€ECit p€ECit Pp€ECit
within term between term cross term
+ E Wipt (Yipt — Yit—5) — g Wip,t—5Yip,t—5 — Yit—5) - (OA.D.3)
PEN;t PEXiL
addition term drop term

AX., = X4— X_5is the change in any variable X ; between ¢ — 5 and ¢, C;; is the set of continuing

For related evidence linking product switching to firm growth and productivity, see Bernard et al. (2010) and Argente
et al. (2018).
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products that firm ¢ produces in both ¢ — 5 and ¢, N is the set of products newly added by firm ¢ in
t, and X}; is the set of products dropped by firm i in ¢.

Table OA.15 presents decomposition results for shipment-weighted average log product shipments
and expertise (6;,). We normalize each term by the total change to quantify its contribution to
growth. We refer to these values as shares. The first three columns show that growth in the shipment-
based measure is primarily driven by within-product growth (within share) and new product addi-
tion (addition term). For young firms, however, new product addition plays a more prominent role
than within-product growth. The combined contribution of product-switching components, addition
and drop shares, is 28% higher for young firms than for mature firms (0.554 + 0.005 vs. 0.422 +
0.015).

OA.D.7 Full Tables: Product Dropping

The main text presents the product-dropping regressions through the interacted specification in
equation (3.41). The specifications for overall selection on performance and average age differences

are, respectively,

Iiﬁ}l;%p =+ /BQipt + Xipjt% + Xz'jt'YQ +6; + 5pt + Eipjt- (OA.D.4)
I;Zﬁp =+ Bl—gjiung + Xipjwl + Xijt’yg + 0; + 6pt + Eipjit, (OA.D.5)

where the performance measures, controls, and fixed effects are defined in the main text. For man-
agement and information processing, we estimate
d
Iipﬁp = a+ B1qip + Bamijr + B3qip X Mije + M Djjs + Xoqip X Dijy

+ Xipjtr1 + Xijeya + i + Opt + €ipjt, (OA.D.6)

where m;;; is the 2005 structured management score, data availability (Q27), or data use intensity
(Q28), interacted with 1{¢ = 2007}. These specifications retain the pooled product-dropping panel.
Missing measures are set to zero, and D;;; indicates missing observations for the corresponding
measure. Including D;j; and g;, x D;j; allows both the intercept and the expertise slope to differ for
missing observations. The management main effect remains in the regression but is not reported in

the tables.
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Table OA.16: Probability of Product Drop (PV)

VARIABLES Dropy.iis Dropt.i4s Dropy.i+5 Dropy.iis Dropy.i45

log(PVipt) -0.055%** -0.054%** -0.053*** -0.053*%** -0.052%**
(0.002) (0.002) (0.002) (0.002) (0.002)

log(EmP) -0.020%*** -0.009*** -0.012%**
(0.002) (0.002) (0.002)

log(Total Assets) 0.003*** 0.019%*** 0.019%**
(0.001) (0.004) (0.004)

# establishments -0.002%** -0.002%** -0.002%%*
(0.000) (0.000) (0.000)

# products 0.007*** 0.007*%* 0.006%**
(0.000) (0.000) (0.000)

log(CA) -0.002%*** -0.002%*=* -0.002%**
(0.001) (0.001) (0.001)

log(CS) -0.004%** -0.004*** -0.003***
(0.001) (0.001) (0.001)

TFP -0.004* -0.006** -0.007***
(0.002) (0.002) (0.003)

log(Prod. Emp) -0.009*** -0.010***
(0.001) (0.001)

log(Equipment) -0.028%*** -0.029%**
(0.004) (0.004)

log(Structure) 0.011%** 0.011%**
(0.003) (0.003)

log(Material) -0.004*** -0.004***
(0.001) (0.001)

log(Energy) 0.004**=* 0.003***
(0.001) (0.001)

Tenure 0.004%** 0.004%**
(0.000) (0.001)

Tenure squared -0.000%*** -0.000***
(0.000) (0.000)

Constant 0.943%** 0.942%** 0.965%** 0.978%*** 1.004***
(0.010) (0.010) (0.015) (0.016) (0.017)

Notes: Estimates for product-year, firm fixed effects, and the constant are suppressed. Observations are unweighted. *
p<0.1, ** p<0.05, *** p<0.01.
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Table OA.17: Probability of Product Drop (6;,)

VARIABLES Dropi.i+s Drop.i+s Drop.i+s Dropy.i+s Dropi.i+s

Oip -1.212%%** -1.028%** -1.189%** -1.187%** -1.074%**
(0.029) (0.022) (0.029) (0.029) (0.021)

log(Emp) -0.035%** -0.015%** -0.016%**
(0.002) (0.002) (0.002)

log(Total Assets) 0.002* 0.023*** 0.021%**
(0.001) (0.004) (0.004)

# establishments -0.002*** -0.002%** -0.002***
(0.000) (0.000) (0.000)

# products 0.005%** 0.005%** 0.005%***
(0.000) (0.000) (0.000)

log(CA) 0 0 0.002%**
(0.001) (0.001) (0.001)

log(CS) -0.005%** -0.005%** -0.002%**
(0.001) (0.001) (0.001)

TFP -0.011%** -0.020%** -0.013***
(0.002) (0.002) (0.002)

log(Prod. Emp) -0.009%** -0.010%**
(0.001) (0.001)

log(Equipment) -0.025%** -0.025%**
(0.004) (0.004)

log(Structure) 0.005** 0.006**
(0.003) (0.003)

log(Material) -0.013*** -0.008%***
(0.001) (0.001)
log(Energy) 0.001 0.002*
(0.001) (0.001)

log(PVipt) -0.021%** -0.017%%*
(0.001) (0.001)

Tenure 0.041*** 0.042***
(0.001) (0.001)

Tenure squared -0.001*** -0.001***
(0.000) (0.000)

Constant 1.053%** 0.963*** 1.164%** 1.227%** 1.117%**
(0.015) (0.014) (0.021) (0.022) (0.022)

Notes: Estimates for product-year, firm fixed effects, and the constant are suppressed. Observations are unweighted. *
p<0.1, ** p<0.05, *** p<0.01.
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Table OA.18: Probability of Product Drop (Young Firm)

VARIABLES Dropi.i+s Drop.i+s Drop.i+s Dropy.i+s Dropi.i+s

Young Firm,, -0.084*** -0.073%** -0.092%** -0.093%** -0.075%**
(0.004) (0.003) (0.004) (0.004) (0.003)

log(Emp) -0.050%** -0.025%** -0.015%**
(0.002) (0.002) (0.002)

log(Total Assets) -0.008%*** 0.015%** 0.019%**
(0.001) (0.005) (0.004)

# establishments -0.004*** -0.004*** -0.002%**
(0.000) (0.000) (0.000)

# products 0.011%** 0.0171%** 0.006%***
(0.001) (0.001) (0.000)

log(CA) -0.003*** -0.002%** -0.001**
(0.001) (0.001) (0.001)

log(CS) -0.002%** -0.002** -0.003***
(0.001) (0.001) (0.001)

TFP -0.014%** -0.027%** -0.008***
(0.002) (0.003) (0.003)

log(Prod. Emp) -0.008%*** -0.010%**
(0.001) (0.001)

log(Equipment) -0.032%** -0.029***
(0.004) (0.004)

log(Structure) 0.0117%** 0.011%**
(0.003) (0.003)

log(Material) -0.019%** -0.005%**
(0.001) (0.001)

log(Energy) -0.002* 0.003***
(0.001) (0.001)

log(PVipt) -0.054%** -0.052%**
(0.002) (0.002)

Tenure 0.002*** 0.003**=*
(0.000) (0.000)

Tenure squared -0.000%** -0.000%**
(0.000) (0.000)

Constant 0.591*** 0.951%** 0.828*** 0.918*** 1.038%***
(0.000) (0.011) (0.015) (0.016) (0.018)

Notes: Estimates for product-year, firm fixed effects, and the constant are suppressed. Observations are unweighted. *
p<0.1, ** p<0.05, *** p<0.01.
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Table OA.19: Probability of Product Drop (PV x Young)

VARIABLES Dropt.t+s Dropt.t+s Dropt.t+5 Dropt.t+5 Dropt.t+5

log(PVipt) -0.056%** -0.055%** -0.054*** -0.054*** -0.052%**
(0.002) (0.002) (0.002) (0.002) (0.002)

Young Firm,, -0.163*** -0.142%** -0.159*** -0.160*** -0.141%**
(0.008) (0.007) (0.008) (0.008) (0.007)

log(PViyt) x Young;, 0.012%** 0.0171%** 0.0171%** 0.0171%** 0.010%**
(0.001) (0.001) (0.001) (0.001) (0.001)

log(Emp) -0.025%** -0.013%*** -0.015%**
(0.002) (0.002) (0.002)

log(Total Assets) 0.001 0.019%** 0.019%**
(0.001) (0.004) (0.004)

# establishments -0.0027%** -0.002%** -0.0027%**
(0.000) (0.000) (0.000)

# products 0.007*** 0.007*** 0.006%**
(0.000) (0.000) (0.000)
log(CA) -0.002%** -0.001* -0.001*
(0.001) (0.001) (0.001)

log(CS) -0.003*** -0.003*** -0.003***
(0.001) (0.001) (0.001)

TFP -0.005** -0.008*** -0.009***
(0.002) (0.003) (0.003)

log(Prod. Emp) -0.009%** -0.010%**
(0.001) (0.001)

log(Equipment) -0.029%** -0.029%**
(0.004) (0.004)

log(Structure) 0.011%** 0.011%**
(0.003) (0.003)

log(Material) -0.004*** -0.005%**
(0.001) (0.001)

log(Energy) 0.004*** 0.003***
(0.001) (0.001)

Tenure 0.003*** 0.003***
(0.000) (0.000)

Tenure squared -0.000%** -0.000%**
(0.000) (0.000)

Constant 0.960%** 0.957%** 1.012%** 1.027%** 1.044***
(0.011) (0.011) (0.016) (0.017) (0.018)

Notes: Estimates for product-year, firm fixed effects, and the constant are suppressed. Observations are unweighted. *
p<0.1, ** p<0.05, *** p<0.01.
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Table OA.20: Probability of Product Drop (6;, x Young)

VARIABLES Dropy.i+s Dropy.i+s Dropy.i+s Dropy.i+s Dropy.i+s

Oip -1.221%** -1.032%** -1.196%** -1.194%** -1.081%**
(0.030) (0.022) (0.030) (0.030) (0.022)

Young Firm,, -0.411%** -0.371%** -0.402%** -0.403*** -0.368***
(0.022) (0.023) (0.022) (0.022) (0.022)

fip x Young,, 0.395%** 0.514%** 0.367*** 0.368*** 0.497***
(0.044) (0.043) (0.043) (0.043) (0.043)

log(Emp) -0.040%** -0.020%** -0.018%**
(0.002) (0.002) (0.002)

log(Total Assets) 0 0.022%** 0.020%**
(0.001) (0.004) (0.004)

# establishments -0.002%** -0.002%** -0.001 ***
(0.000) (0.000) (0.000)

# products 0.005*** 0.005%** 0.005%**
(0.000) (0.000) (0.000)

log(CA) 0 0.001* 0.002***
(0.001) (0.001) (0.001)

log(CS) -0.004*** -0.004%** -0.002%**
(0.001) (0.001) (0.001)

TFP -0.012%** -0.021%** -0.014***
(0.002) (0.002) (0.002)

log(Prod. Emp) -0.009*** -0.010%**
(0.001) (0.001)

log(Equipment) -0.026*** -0.026%**
(0.004) (0.004)

log(Structure) 0.005* 0.006**
(0.003) (0.003)

log(Material) -0.014%** -0.008%***
(0.001) (0.001)
log(Energy) 0 0.002%
(0.001) (0.001)

log(PVipt) -0.021%¥* -0.017%**
(0.001) (0.001)

Tenure 0.039%** 0.039***
(0.001) (0.001)

Tenure squared -0.001*** -0.001***
(0.000) (0.000)

Constant 1.071%** 0.980%** 1.222%** 1.280%** 1.146%**
(0.015) (0.014) (0.021) (0.023) (0.022)

Notes: Estimates for product-year, firm fixed effects, and the constant are suppressed. Observations are unweighted. *
p<0.1, ** p<0.05, *** p<0.01.
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Table OA.21: Probability of Product Drop (g;, x m;;¢)

VARIABLES Dropyiys  Dropuiys — Dropeirs — Dropeiys  Dropgirs — Dropeiss
Qip X Myj¢ -0.983***  -1.036***  -0.768***  -0.832***  -0.837***  -0.912%**
(0.080) (0.082) (0.061) (0.062) (0.066) (0.068)
Tip 1.211%%F  J1.055FE J1.202%k% ] 127%%% ] 289%%% ] ]19%**
(0.045) (0.041) (0.037) (0.033) (0.038) (0.035)
log(Emp) -0.015%** -0.015%** -0.015%**
(0.002) (0.002) (0.002)
log(Total Assets) 0.021%** 0.020%** 0.020%**
(0.004) (0.004) (0.004)
# establishments -0.001%** -0.002%** -0.002%%*
(0.000) (0.000) (0.000)
# products 0.005%** 0.005%** 0.005%***
(0.000) (0.000) (0.000)
log(CA) 0.002%** 0.002%** 0.002%**
(0.001) (0.001) (0.001)
log(CS) -0.001 -0.001 -0.001
(0.001) (0.001) (0.001)
TFP -0.012%** -0.012%** -0.012%**
(0.002) (0.002) (0.002)
log(Prod. Emp) -0.011%** -0.011%+* L0.011%%*
(0.001) (0.001) (0.001)
log(Equipment) -0.025%** _0.025%** -0.025%**
(0.004) (0.004) (0.004)
log(Structure) 0.005** 0.005%* 0.005%*
(0.003) (0.003) (0.003)
log(Material) -0.007%** -0.007%** _0.007%**
(0.001) (0.001) (0.001)
log(Energy) 0.002*** 0.002%** 0.002%**
(0.001) (0.001) (0.001)
log(PVipt) -0.017%%** -0.01 7% -0.017%%*
(0.001) (0.001) (0.001)
Tenure 0.041%** 0.041%** 0.041%%*
(0.001) (0.001) (0.001)
Tenure squared -0.001%** -0.0071*** 0.007 ***
(0.000) (0.000) (0.000)
Constant 1.014%%*  1.048%**  0.998%%*  1.056***  1.012%**  1.064***
(0.022) (0.028) (0.019) (0.025) (0.019) (0.026)

Notes: Columns (1)—(2) use the structured management score of Bloom et al. (2019), columns (3)-(4) use data availabil-
ity (Q27), and columns (5)—-(6) use data use intensity (Q28). Measures refer to 2005, reported in the 2010 MOPS, and
enter interacted with the 2007 indicator. Missing measures are set to zero; a missing-measure indicator and its interaction
with normalized expertise g;, are included. Management main effects, missingness controls, and firm and product-year
fixed effects are not reported. Standard errors clustered at the five-digit SIC product level appear in parentheses. Obser-
vations are unweighted. * p < 0.1, ** p < 0.05, *** p < 0.01.
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OA.D.8 Full Tables: Firm-Level Evidence

Table OA.22: Product Add and Retention (Young Firm)

Addy.i 15 Addy.t15 Addy.t 45

Young Firm,, 0.140%*** 0.148%** 0.148%**
(0.005) (0.005) (0.005)

log(Emp) 0.032%** 0.029%**
(0.003) (0.002)
log(Total Assets) 0.010%** -0.005
(0.001) (0.004)

# establishments 0.012%** 0.012%%*
(0.004) (0.003)

# products -0.027%%* _0.027%**
(0.002) (0.002)

log(CA) -0.003%** -0.003**
(0.001) (0.001)

log(CS) -0.006%** -0.007%%*
(0.001) (0.001)

TFP -0.001 0.008%***
(0.003) (0.003)

log(Prod. Emp) -0.008***
(0.001)

log(Equipment) 0.021%**
(0.003)

log(Structure) -0.008%***
(0.003)

log(Material) 0.010%**
(0.001)

log(Energy) 0.006%**
(0.001)

Constant 0.350%** 0.220*** 0.174%%*
(0.002) (0.015) (0.018)

Notes: Estimates for industry-year, firm fixed effects, and the constant are suppressed. Observations are unweighted. *
p<0.1, ** p<0.05, *** p<0.01.
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Table OA.23: High-Performing Product Add and Retention (Young Firm)

Addyfls Add}ieh Add9".

Young Firm,, -0.115%** _0.114%%* _0.112%%*
(0.016) (0.017) (0.017)

log(Emp) -0.018** 0.018%*
(0.008) (0.009)

log(Total Assets) -0.007 0.037%**
(0.005) (0.012)

# establishments _0.007*** -0.007%*
(0.003) (0.003)

# products 0.020%** 0.020%**
(0.003) (0.003)
log(CA) 0.003 0.002
(0.003) (0.003)
log(CS) -0.004 10.003
(0.003) (0.003)

TFP -0.020%* -0.034% %
(0.008) (0.009)

log(Prod. Emp) 0.021%**
(0.003)

log(Equipment) -0.025%**
(0.009)
log(Structure) -0.015*
(0.009)

log(Material) -0.016%**
(0.004)

log(Energy) 20.013%%*
(0.005)

Constant 0.347%** 0.463%** 0.516%**
(0.003) (0.041) (0.049)

Notes: Estimates for industry-year, firm fixed effects, and the constant are suppressed. Robust standard errors clustered at
the firm’s modal five-digit SIC product level are reported in parentheses. Observations are unweighted, and observation
counts are rounded due to the Census Bureau disclosure avoidance procedures. * p<0.1, ** p<0.05, *** p<0.01.
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Table OA.24: Product Add/Drop and Firm Performance

AVadd AEmp ATFP ALP
Addy.445 0.830%*** 0.802%** 0.735%** 0.762%**
(0.019) (0.019) (0.019) (0.019)
Drops.sis -0.754%%* -0.731%%* -0.686%** -0.713%**
(0.019) (0.018) (0.017) (0.018)
log(Emp) -0.187%%* -0.604*** 0.099%*** 0.200%**
(0.009) (0.008) (0.007) (0.007)
log(Total Assets) -0.071*** -0.021**~* -0.026** -0.018
(0.006) (0.006) (0.012) (0.011)
# establishments -0.0277%** -0.024%** -0.026%** -0.028%***
(0.008) (0.007) (0.008) (0.008)
# products 0.077%** 0.079%** 0.070%** 0.072%**
(0.006) (0.005) (0.005) (0.006)
log(CA) -0.003* 0.006%*** 0.002 0.003
(0.002) (0.002) (0.002) (0.002)
log(CS) 0.014%** 0.014%** 0.0171%** 0.012%**
(0.002) (0.002) (0.002) (0.002)
TFP -0.561*** 0.130%** -0.369%** -0.088%***
(0.012) (0.006) (0.022) (0.026)
log(Prod. Emp) 0.0271%** 0.028%** 0.019%** 0.001
(0.003) (0.003) (0.003) (0.003)
log(Equipment) 0.030%*** 0.075%** 0.059%** 0.029%***
(0.005) (0.005) (0.007) (0.006)
log(Structure) -0.046*** -0.028*** -0.028*** -0.035***
(0.005) (0.005) (0.008) (0.007)
log(Material) -0.049%** 0.068%*** 0.023%** -0.042%**
(0.006) (0.003) (0.006) (0.008)
log(Energy) -0.030%** 0.042%** 0.010%** 0.035%**
(0.004) (0.002) (0.003) (0.004)
Constant 2.252%%* 0.424*** -0.415%** -0.633%**
(0.052) (0.047) (0.081) (0.100)
Observations 682,000 682,000 648,000 648,000
Fixed effects i, jt i, jt i, jt 1, jt
Controls Full Full Full Full

Notes: Estimates for industry-year, firm fixed effects, and the constant are suppressed. Robust standard errors clustered at
the firm’s modal five-digit SIC product level are reported in parentheses. Observations are unweighted, and observation
counts are rounded due to the Census Bureau disclosure avoidance procedures. * p<0.1, ** p<0.05, *** p<0.01.

78



OA.D.9 Robustness

First, differences in observation histories may affect the precision of estimated expertise, particularly
for young firms. We therefore re-estimate expertise using only the first two observations per firm-
product pair, holding the number of observations constant across pairs. We also use 5-, 10-, and 15-
year rolling estimation windows to assess sensitivity to the horizon over which expertise is assumed
constant. The interaction between expertise and the young-firm indicator remains positive and
statistically significant across these specifications, although its magnitude varies.

Second, expertise estimates may capture firm-level determinants of shipments not fully accounted
for by baseline controls. We vary firm-level controls, including a specification without them. We also
consider replacing these controls with firm-year fixed effects, which absorb time-varying conditions
common to a firm’s products. Alternatively, we consider an AKM-style specification (Abowd et al.,
1999) and construct product-specific expertise as the time average of residuals within firm-product
pairs.'? The positive age interaction persists when expertise is estimated without firm-level controls.

Third, we assess sensitivity to expertise normalization. We replace the baseline measure with
standardized estimates and percentile rankings within industry-year or product-year cells. These
alternatives measure expertise relative to firms and products within these cells. The age difference
in selection persists across these measures.

Fourth, we assess statistical inference using bootstrapped standard errors. The expertise coeffi-
cient remains negative and the interaction with the young-firm indicator positive, with both statis-
tically significant.

Finally, product disappearance may reflect firm exit rather than portfolio adjustment within con-
tinuing firms. We re-estimate the product-dropping regressions after excluding firms that subse-

quently exit. The main age-related selection pattern persists.

12Appendix OA.D.11 discusses these specifications.

79



08

Table OA.25:

Probability of Product Drop (Alternative 6;, Estimates)

VARIABLES @) (@) 3) 4@ (5 (6) @2 8
Oip 0.037 -0.013 -0.608***  .0.617*** -0.491%** -0.495%** -0.313%** -0.318%**
(0.037) (0.037) (0.016) (0.016) (0.015) (0.015) (0.016) (0.016)
Young Firm -0.453%** -0.344%** -0.303*** -0.130%**
(0.025) (0.016) (0.017) (0.020)
0:p X Young 0.439%** 0.376%** 0.287*** 0.083***
(0.042) (0.025) (0.026) (0.030)
Constant 0.781%*** 0.849%** 0.946%** 0.983%*** 0.897%%** 0.935%%** 0.939%** 0.974%**
(0.021) (0.020) (0.021) (0.021) (0.019) (0.019) (0.016) (0.017)
Observations 1,622,000 1,622,000 1,622,000 1,622,000 1,622,000 1,622,000 1,622,000 1,622,000
Controls Full Full Full Full Full Full Full Full
0;p estimation 20bs 20bs Syr rolling  S5yrrolling 10yr rolling  10yr rolling  15yr rolling 15yt rolling
VARIABLES () (10) an (12) (13) 14 (15) (16)
Oip -0.050%**  -0.050%** -0.158%** -0.160%** -0.049***  -0.050%*** -0.160%** -0.163%%*
(0.001) (0.001) (0.005) (0.005) (0.001) (0.001) (0.005) (0.005)
Young Firm -0.108%** -0.148%*** -0.108%*** -0.148%***
(0.004) (0.005) (0.004) (0.005)
0ip x Young 0.025%** 0.076%** 0.027%*** 0.076%**
(0.002) (0.007) (0.002) (0.007)
Constant 0.553%%*  0.584%%* 0.646* 0.678%* 0.555%**  0.585*** 0.646%+* 0.677**+
(0.020) (0.020) (0.020) (0.020) (0.021) (0.020) (0.020) (0.020)
Observations 1,622,000 1,622,000 1,622,000 1,622,000 1,622,000 1,622,000 1,622,000 1,622,000
Adjusted R? 0.495 0.497 0.494 0.496 0.495 0.497 0.494 0.496
Controls Full Full Full Full Full Full Full Full
0;p estimation Norm (jt) Norm (jt) Percentile (j¢) Percentile (jt) Norm (pt) Norm (pt) Percentile (pt) Percentile (pt)

Notes: Columns are based on alternative specification of estimating 6;,. Columns (1)-(2) are based on the first 2 observations for each product-
firm pair, (3)-(4) are estimates with 5 year rolling-year basis, (5)-(6) are with 10 year rolling-year basis, (7)-(8) are with 15 year rolling-year
basis, (9)-(10) are based on standardization with the industry-year distribution, (11)-(12) are based on the percentile rankings within industry-
year, (13)-(14) are based on standardization with the product-year distribution, and (15)-(16) are based on the percentile rankings within
product-year. Full-control specifications include the same set of controls as in the baseline regressions. Estimates for product-year and firm

fixed effects are suppressed. Observations are unweighted. Standard errors clustered at the SIC5 level are reported in parentheses. * p<0.1,
** p<0.05, *** p<0.01.



Table OA.26: Probability of Product Drop (Alternative ¢;, Estimates)

VARIABLES Dropy.i45 Drops.iys
Oip -0.563*** -0.580%***
(0.016) (0.017)
Young Firm -0.317%**
(0.014)
0;p x Young 0.394***
(0.027)
Constant 0.855%** 0.892%**
(0.024) (0.024)
Observations 1,622,000 1,622,000
Adjusted R? 0.493 0.495
Controls Full Full
8, estimation No controls No controls

Notes: Results are based on alternative specification of estimating 6;, without firm controls. Estimates for product-year and
firm fixed effects are suppressed. Observations are unweighted. Standard errors clustered at the SIC5 level are reported
in parentheses. * p<0.1, ** p<0.05, *** p<0.01.
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Table OA.27: Probability of Product Drop (6;,, boostrapped standard errors)

VARIABLES Dropgi4s Dropeiis Dropuiss

Oip -1.028%** -1.187%%% 1.074%%*
(0.119) (0.095) (0.120)

log(Emp) -0.015%** -0.016%**
(0.001) (0.001)

log(Total Assets) 0.023%%* 0.021%**
(0.001) (0.001)

# establishments -0.002%** -0.002%**
(0.000) (0.000)

# products 0.005%** 0.005%**
(0.000) (0.000)

log(CA) 0 0.002%%*
(0.000) (0.000)

log(CS) 10.005%*%  -0.002%**
(0.000) (0.000)

TFP -0.020%** -0.013***
(0.001) (0.001)

log(Prod. Emp) -0.009*** -0.010***
(0.001) (0.000)

log(Equipment) -0.025%** -0.025%**
(0.001) (0.001)

log(Structure) 0.005%** 0.006%**
(0.001) (0.001)

log(Material) -0.013%++ -0.008%**
(0.001) (0.001)

log(Energy) 0.001 0.002%**
(0.001) (0.001)

log(PVipt) -0.021%** -0.017%**
(0.002) (0.002)

Tenure 0.041%** 0.042%%*
(0.000) (0.000)

Tenure squared -0.001*** -0.001 %%+
(0.000) (0.000)

Notes: Estimates for product-year and firm fixed effects are suppressed. Observations are unweighted. Bootstrapped
standard errors are reported in parentheses. * p<0.1, ** p<0.05, *** p<0.01.
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Table OA.28: Probability of Product Drop (#;, x Young, boostrapped standard errors)

VARIABLES Dropy.iis Dropt.t4s Dropy.t15 Dropiias Dropiiss

Oip -1.221%** -1.032%** -1.196%** 21,1945 1.081%**
(0.091) (0.118) (0.092) (0.092) (0.120)

Young Firm,, -0.411 %% -0.371 %% -0.402% -0.403 %+ -0.368%*
(0.055) (0.042) (0.056) (0.056) (0.043)

0ip x Young,, 0.395%** 0.514%** 0.367*** 0.368*** 0.497%%*
(0.096) (0.072) (0.098) (0.099) (0.073)

log(Emp) -0.040%** -0.020%** -0.018%%*
(0.001) (0.001) (0.001)

log(Total Assets) 0 0.022%** 0.020%**
(0.000) (0.001) (0.001)

# establishments -0.002%** .0.002%** ~0.001%**
(0.000) (0.000) (0.000)

# products 0.005%** 0.005%** 0.005%**
(0.000) (0.000) (0.000)

log(CA) 0 0.001%** 0.002%**
(0.000) (0.000) (0.000)

IOS(CS) -0.004%** -0.004*** -0.002%**
(0.000) (0.000) (0.000)

TFP -0.012%%* -0.021%** -0.014%%*
(0.001) (0.001) (0.001)

log(Prod. Emp) -0.009*** -0.010%**
(0.001) (0.000)

log(Equipment) -0.026%** -0.026%**
(0.001) (0.001)

log(Structure) 0.005*** 0.006***
(0.001) (0.001)

log(Material) -0.014%** -0.008%**
(0.001) (0.001)

log(Energy) 0 0.002%**
(0.000) (0.001)

log(PVipt) -0.021*** -0.017%**
(0.002) (0.002)

Tenure 0.039%** 0.039%**
(0.000) (0.000)

Tenure squared -0.007%** L0.001***
(0.000) (0.000)

Notes: Estimates for product-year and firm fixed effects are suppressed. Observations are unweighted.

standard errors are reported in parentheses. * p<0.1, ** p<0.05, *** p<0.01.
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Table OA.29: Probability of Product Drop (6;, x Firm Age)

VARIABLES Dropeiss Drroprass

Oip -0.816%*+ -0.628%
(0.038) (0.033)

Qz‘p x Firm Ageit -0.022%** -0.024%**
(0.002) (0.002)

log(Emp) -0.015%**
(0.002)

log(Total Assets) 0.0271 %**
(0.004)

# establishments -0.002%%*
(0.000)

# products 0.005%**
(0.000)

log(CA) 0.001%*
(0.001)

log(CS) -0.004%**
(0.001)

TFP -0.013***
(0.002)

log(Prod. Emp) -0.010%**
(0.001)

log(Equipment) -0.025%**
(0.004)

log(Structure) 0.006%**
(0.003)

log(Material) -0.008%**
(0.001)
log(Energy) 0.002*
(0.001)

log(PVipt) -0.018%**
(0.001)

Tenure 0.041%%*
(0.001)

Tenure squared -0.001 %%+
(0.000)

Constant 1.018%** 1.070%%*
(0.014) (0.022)

Notes: Estimates for product-year, firm fixed effects, and the constant are suppressed. Firm Age is measured as the age of
the firm in years. Observations are unweighted. * p<0.1, ** p<0.05, *** p<0.01.
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Table OA.30: Number of Input Materials Used per Product by Firms

Including entry and exit Continuers only
all age 0-5 age 6 + all age 0-5 age 6 +
Mean 20.30 19.45 20.43 21.33 21.50 21.31
Stdewv. (20.29) (19.86) (20.35) (21.00) (21.34) (20.95)

Notes: Firms in the manufacturing sector from 1982 to 2007.

OA.D.10 Product-Firm Proximity

Up to this point, we have focused on the relationship between product dropping and adding, as well
as the relative expertise of added and dropped products. We now turn to examining the proximity
between newly added products and a firm’s existing product portfolio. The literature finds that firms
tend to produce products close to each other in terms of various measures, such as industry classi-
fication or the composition of material inputs used (e.g., Bernard et al., 2010; Boehm et al., 2022).
Nonetheless, we also observe many instances in which firms expand into entirely new industries.
To examine whether the proximity of added products to a firm’s existing product portfolio varies
over the firm life-cycle, we use the share of input materials used to produce a newly added prod-

uct that are also used for the firm’s existing products as a proxy for product proximity.'® Let

add
ijt

MaterialCloseness? denote the average of the proximity measure of products added by firm ¢
between ¢ and ¢ + 5. The mean (standard deviation) of the material-based closeness of added prod-
ucts in the churning case is 0.708 (0.271). Table OA.30 shows the number of input materials used
per product by firms across age groups. Focusing on the continuing firms, we find that young firms
use slightly more variety of input materials to produce each product, and the variance is also larger
compared to mature firms.
We then estimate the following regression model:
MaterialCloseness%%d =a+ BI%WQ + Xijiy + i + 05t + €4t (OA.D.7)
Table OA.31 shows that relative to mature firms, young firms tend to add and retain products that

are more distant from their existing product portfolio. Results are also consistent with industry-based

proximity.

13The CMF provides establishment-level data on the list of material inputs used and associated expenditures. By
focusing on single-product establishments, we identify the set of material inputs used in the production of each product.
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Table OA.31: Material-Based Closeness of Added Products (Young Firm)

Matg¢ s Matg4 s Matg4 s
Young Firm,, -0.005 -0.003 -0.003
(0.005) (0.004) (0.004)
log(Emp) -0.012%** -0.003
(0.002) (0.003)
log(Total Assets) -0.004*** -0.001
(0.001) (0.004)

# establishments 0.005%** 0.005 %%
(0.002) (0.002)

# pl’OdUCtS -0.024*** -0.024%**
(0.002) (0.002)

log(CA) -0.003%** -0.003***
(0.001) (0.001)

log(C$) -0.007%** 10.007%%*
(0.001) (0.001)

TFP -0.003 -0.007%**
(0.002) (0.002)

# materials 0.005%*** 0.005%**
(0.000) (0.000)
log(Prod. Emp) -0.001
(0.001)

log(Equipment) -0.005*
(0.003)
log(Structure) 0.004*
(0.002)

log(Material) -0.005%**
(0.001)

log(Energy) -0.007%%*
(0.001)

Constant 0.520% 0.489%** 0.521%**
(0.003) (0.011) (0.013)

Observations 198,000 198,000 198,000

Fixed effects i, Jt i, jt i, jt

Notes: Estimates for industry-year, firm fixed effects, and the constant are suppressed. Robust standard errors clustered at
the firm’s modal five-digit SIC product level are reported in parentheses. Observations are unweighted, and observation
counts are rounded due to the Census Bureau disclosure avoidance procedures. * p<0.1, ** p<0.05, *** p<0.01.
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OA.D.11 Alternative Measures of Product-Specific Expertise

An alternative specification replaces time-varying firm and industry controls with product-year and

firm-year fixed effects:

Yipjt = Oip + Xipjty + Opt + 0it + Eipjt, (OA.D.8)

where §,; is a product-year fixed effect, and ¢;; is a firm-year fixed effect.

d,¢ controls for product specific characteristics as well as product-year specific shocks. Again, this is
because each product is subject to different production technology or demand structure. Therefore,
it is possible that there are several other effects affecting the value of shipment, attributed to product-
year specific technology or demand shocks.

In a similar fashion, firms or entrepreneurs have different base sets of available resources or ability
to manufacture products (i.e. a financing constraint, customer capital, brand values, and marketing
resources, etc.). The value of shipment for each product can also be influenced by these firm-level
properties. Furthermore, any types of industry-specific characteristics that can give a substantial
impact on the total value of shipment are absorbed by the firm-year fixed effect. Therefore, equation
(OA.D.8) could be one alternative of the baseline expertise specification in (3.40).

However, estimation based on (OA.D.8) faces several limitations due to the inclusion of multiple
fixed effects. In particular, estimating firm-product and firm-year fixed effects simultaneously leads
to the exclusion of a non-negligible portion of the sample, as some products appear in only one firm
or some firms produce only a single product in a given year. Therefore, an alternative approach is
to replace the firm-year fixed effect §;; with an extensive set of firm-level controls X;;;, which is our
baseline specification (3.40).

Alternatively, we could implement an AKM-style specification (Abowd et al., 1999) and construct

an alternative expertise measure from the time average of the residuals. These specifications include

Yipjt = Xipjty + Opt + 0it + Eipji (OA.D.9)
Yipjt = Xipjt11 + Xijeva + Xpiy3 + 0p + 0i + 6t + €ipjt (OA.D.10)
Yipjt = Xipjt71 + Xijtye + Opt + 0i + 0t + Eipje- (OA.D.11)

A critical limitation of this approach is the lack of clarity regarding what the time-varying residuals

capture, and whether their average offers a more accurate measure of product-specific expertise
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than the baseline specification.
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